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Notations 



w 


The set of natural numbers 


Wo 


iV U {0} 


R 


The set of real numbers 


C 


The set of complex numbers 


MniC) 


The set of all n x n complex matrices 




The circle group 


jn 


The n-torus 


ev 


Evaluation map 


id 


The identity map 


r{lN) 


The Hubert space of square summable sequences 




ihe space of smooth functions on a smooth maniroid M 




The space of compactly supported smooth functions on M 


Vl <^alg V2 


Algebraic tensor product of two vector spaces Vi and V2 




Minimal tensor product of two C* algebras A and B 


M{A) 


The multiplier algebra of a C* algebra A 


C{E,F) 


The space of adjointable maps from Hilbert modules E to F 


C{E) 


The space of adjointable maps from a Hilbert module E to itself 


JC{E,F) 


The space of compact operators from Hilbert modules E to F 


IC{E) 


The space of compact operators from a Hilbert module E to itself 


B{n) 


The set of all bounded linear operators on a Hilbert space Ti 


A*B 


Free product of two C* algebras A and B 


G*H 


Free product of two groups G and H 


G XH 


Semi direct product of two groups G and H 
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Chapter 

Introduction 



The theme of this thesis Hes on the interface of two areas of the so called " noncommuta- 
tive mathematics " , namely noncommutative geometry (NCG) a la Connes, cf [17] and 
the theory of ( C*-algebraic ) compact quantum groups (CQG) a la Woronowicz, cf [67] 
which arc generalizations of classical Riemannian spin geometry and that of compact 
topological groups respectively. 

The root of NCG can be traced back to the Gelfand Naimark theorem which says 
that there is an anti-equivalence between the category of (locally) compact Hausdorff 
spaces and (proper, vanishing at infinity) continuous maps and the category of (not 
necessarily) unital C* algebras and *-homomorphisms. This means that the entire 
topological information of a locally compact Hausdorff space is encoded in the com- 
mutative C* algebra of continuous functions vanishing at infinity. This motivates one 
to view a possibly noncommutative C* algebra as the algebra of "functions on some 
noncommutative space" . 

In classical Riemannian geometry on spin manifolds, the Dirac operator on the 
Hilbert space Lp'^S) of square integrable sections of the spinor bundle contains a lot of 
geometric information. For example, the metric, the volume form and the dimension of 
the manifold can be captured from the Dirac operator. This motivated Alain Connes to 
define his noncommutative geometry with the central object as the spectral triple which 
is a triplet {A, Ti, D) where H is a separable Hilbert space, A is a (not necessarily closed) 
*-algebra of 13{7i), D is a self adjoint (typically unbounded) operator ( sometimes called 
the Dirac operator of the spectral triple ) such that [D, a] admits a bounded extension. 
This generalizes the classical spectral triple {C°° (M) , (S) , D) on any Riemannian spin 
manifold M, where D denotes the usual Dirac operator. 

On the other hand, quantum groups have their origin in different problems in math- 
ematical physics as well as the theory of classical locally compact groups. It was S.L. 
Woronowicz, who in [66] and [67] was able to pinpoint a set of axioms for defining 
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compact quantum groups (CQG for short) as the correct generahzation of compact 
topological groups. 

The idea of a group acting on a space was extended to the idea of a CQG co- 
acting on a noncommutative space (that is, a possibly noncommutative C* algebra ). 
Following suggestions of Alain Connes, Shuzhou Wang in [60] defined and proved the 
existence of quantum automorphism groups on finite dimensional C* algebras. Since 
then, many interesting examples of such quantum groups, particularly the quantum per- 
mutation groups of finite sets and finite graphs, were extensively studied by a number of 
mathematicians (see for example [1], [2], [3], [4], [5], [61] and references therein ). The 
underlying basic principle of defining a quantum automorphism group corresponding 
to some given mathematical structure (for example a finite set, a graph, a C* or von 
Neumann algebra) consists of two steps: first, to identify (if possible) the group of auto- 
morphism of the structure as a universal object in a suitable category, and then, try to 
look for the universal object in a similar but bigger category, replacing groups by quan- 
tum groups of appropriate type. However, most of the work done by them concerned 
some kind of quantum automorphism group of a 'finite' structure, for example, of finite 
sets or finite dimensional matrix algebras. It was thus quite natural to try to extend 
these ideas to the 'infinite' or 'continuous' mathematical structures, for example classi- 
cal and noncommutative manifolds. With this motivation, Goswami ( [30] ) formulated 
and studied the quantum analogues of the group of Riemannian isometries called the 
quantum isometry group. Classically, an isometry is characterized by the fact that its 
action commutes with the Laplacian. Therefore, to define the quantum isometry group, 
it is reasonable to consider a category of compact quantum groups which act on the 
manifold (or more generally on a noncommutative manifold given by a spectral triple) 
with the action commuting with the Laplacian, say C, coming from the spectral triple. 
It is proven in [30] that a universal object in the category ( denoted by ) of such 
quantum groups does exist (denoted by QISO^) if one makes some mild assumptions 
on the spectral triple all of which are valid for a compact Riemannian spin manifold. 
The work of this thesis starts with the computation of the quantum isometry group in 
several commutative and noncommutative examples ( [6], [7]). 

However, the formulation of quantum isometry groups in [30] had a major drawback 
from the view point of noncommutative geometry, since it needed a 'good' Laplacian to 
exist. In noncommutative geometry it is not always easy to verify such an assumption 
about the Laplacian, and thus it would be more appropriate to have a formulation in 
terms of the Dirac operator directly. This is what is done in [8] where the notion of 
a quantum group analogue of the group of orientation preserving isometries was given 
and its existence as the universal object in a suitable category was proved. Then, a 
number of computations for this quantum group were done in [8], [9] and [10]. 



5 



Now we try to give an idea of the contents of each of the chapters. In chapter 1, we 
discuss the concepts and results needed in the later chapters of the thesis. For the sake 
of completeness, we begin with a glimpse of operator algebras and Hilbert modules, free 
product and tensor products of C* algebras and some examples. The next section is 
on quantum groups which we start with the basics of Hopf algebras and then define 
compact quantum groups (CQG) and give relevant definitions and properties including 
a brief review of Peter Weyl theory. After that, we introduce the quantum groups 
Uf^{2), SUfj_{2), Au{Q) and U^{su{2)). We end this section by introducing the notion of 
a C* action of a compact quantum group on a C* algebra and giving an account of 
Shuzhou Wang's work in [60]. The next section is on Rieffel deformation where we 
recall a part of the work done in [46] and [62] which are relevant to us. We describe 
some important examples which are going to appear in chapter |4j The 4th section is 
on classical Riemannian geometry which includes, among other things, the definition 
and properties of Dirac operator which will serve as a motivation for the definition of ' 
spectral triple' in the 5th section. This section also contains a subsection on isometry 
groups of classical Riemannian manifold in which the characterizing property of an 
isometry, in the form given in [30], is given. In the 5th section, we define spectral triples, 
give examples of them, introduce the Hilbert space of forms (as in [29]), noncommutative 
volume form and the notion of Laplacian in noncommutative geometry. 

Chapter [2] is on the Laplacian-based approach to quantum isometry groups as pro- 
posed in [30] . Here we recall the formulation of quantum isometry groups from [30] and 
then compute them for the space of continuous functions on the classical 2-spheres, the 
circle and the n-tori. In each of these cases, the quantum isometry group turns out to be 
the same as the classical ones, that is, C(0(3)), C{S^ XZ2) and C(T" Xl(Zf Xl^n)) 
respectively ( 5„ being the permutation group on n symbols ). 

Chapter [3] deals with the quantum group of orientation preserving isometries. The 
classical situation is stated clearly, which will serve as a motivation for the quantum 
formulation. Then, the quantum group of orientation-preserving isometries of an R- 
twisted spectral triple is defined ( see [31] for the definition of an i?- twisted spectral 
triple ) and its existence is proven. Given an i?- twisted spectral triple {A°° ,T~i,D) of 
compact type, we consider a category Q' of pairs (Q, U) where Q is a compact quantum 
group which has a unitary (co) -representation U on 7i commuting with D, and such 
that for all state (p on Q, (id 4))adu maps A°° inside A!^. Moreover, let Q'j^ be a 
subcategory of Q' consisting of those (Q, U) for which adu preserves the i?-twisted 
volume form. In section 3.2, we have proved that Q'/j has a universal object to be 
denoted by QISO^{D). The Woronowicz C* subalgebra of QISO^{D) generated by 

elements of the form {aduia]ir} (8) 1), ri' ®\) , where r7,r?' are in Ti, a is in 

^ " ' 'qiso+(d) 
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and (. , .) -^^^ denotes the QISO^{D) valued inner product of ® QISO^{D) 
is defined to be the quantum group of orientation and volume preserving isometries of 
the spectral triple {A°° ,H, D) and is denoted by QISO^{D). The next section explores 
the conditions under which the action of this compact quantum group keeps the C* 
algebra invariant and is a C* action. Moreover, we have given some sufficient conditions 
under which the universal object in the bigger category Q' exists which is denoted by 
QISO~^{D) and the corresponding Woronowicz C* subalgebra as above is denoted by 
QISO^{D). After this, we compare this approach with the Laplacian-based approach 
in [30]. We obtain the following results: 

( 1 ) Under some reasonable conditions, QISO~^ {D) is a sub-object of QISO^ in 
the category Q'^. 

( 2 ) QISO'-' is isomorphic to a quantum subgroup of QlSOf corresponding to the 
Hodge Dirac operator coming from D. 

( 3 ) Moreover, under some conditions which are valid for compact spin manifolds, 
QISO'-' and the QlSO'j" of the Hodge Dirac operator are isomorphic. 

The next section is on examples and computations. To begin with, the compact 
quantum group U^{2) is identified as the QISO^ of SU^(2) corresponding to the spectral 
triple constructed by Chakraborty and Pal in [13]. Then we derive that QISO^ for the 
classical spectral triple on C(T^) is C(T^) itself. We end the chapter by showing that 
QISO^ of spectral triples associated with some approximately finite dimensional C* 
algebras arise as the inductive limit of QISO^ of the constituent finite dimensional 
algebras. The results of this chapter are taken from [8] and [9]. 

Chapter [i] is about the QISO'-' and QISO^ of a Rieffel deformed noncommutative 
manifold. We first discuss the isospectral deformation of a spectral triple, followed by 
the proof of some preparatory technical results which will be needed later. Then in the 
final section we prove that QISO^ and QISO'' of a Rieffel deformed ( noncommutative 
) manifold is a Rieffel deformation of the QISO^ and QISO'-' ( respectively ) of the 
original ( undeformed ) manifold. 

In chapter |5] we compute the quantum group of orientation preserving isometries 
for two different families of spectral triples on the Podles spheres, one constructed by 
Dabrowski et al in [24] and the other by Chakraborty and Pal in [14]. We start by 
giving the different descriptions of the Podles spheres ( as in [43], [24], [37], and [50] ) 
and the formula for the Haar functional on it. Then we introduce the spectral triples 
on the Podles spheres as in [24] and show that it is indeed SUfj_{2) equivariant and R- 
twisted ( for a suitable R ). After this, the compact quantum group 50^(3) is defined 
and its action on the Podles sphere is discussed. In the 3rd section, the computation 
for identifying 5*0^(3) as QISO^ for this spectral triple is given. In the 4th section, 
the spectral triple defined in [14] is introduced and then the corresponding QISO^ 
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is computed. In particular, it follows that QISO^ in general may not be a matrix 
quantum group and that it may not have a C* action. 



Chapter 0: Introduction 



Chapter 1 

Preliminaries 



1.1 Operator algebras and Hilbert modules 

We presume the reader's familiarity with the theory of operator algebras and Hilbert 

modules. However, for the sake of completeness, we give a sketchy review of some basic 
definitions and facts and refer to [56], [39] for the details. Throughout this thesis, all 
algebras will be over C unless otherwise mentioned. 

1.1.1 C* algebras 

A C* algebra ^ is a Banach *-algcbra satisfying the C* property : ||a:*a;|| = ||x||^ for 
all X in A. The algebra A is said to be unital or non-unital depending on whether it 
has an identity or not. Every commutative C* algebra A is isonictrically isomorphic 
to the C* algebra Co{X) consisting of complex valued functions on a locally compact 
Hausdorff space X vanishing at infinity ( Gelfand's theorem ). An arbitrary ( possibly 
noncommutative ) C* algebra is isometrically isomorphic to a C*-subalgebra of B{H), 
the set of all bounded operators on a Hilbert space H. 

For X in A, the spectrum of x, denoted by a{x) is defined as the complement of 
the set {z E C : {zl — x)~^ G A}. An element x in ^ is called self adjoint if x = x*, 
normal if x*x = xx*, unitary if x* = x~^, projection if x = x* = x^ and positive if 
X = y*y for some y in A. When x is normal, there is a continuous functional calculus 
sending / in C((t(x)) to /(x) in A. where / i— > f{x) is a * isometric isomorphism from 
C{a{x)) onto C*{x). 

A linear map between two C* algebras is said to be positive if it maps positive 
elements to positive elements. A positive linear functional 4> such that (^(1) = 1 is 
called a state on A. A state is called a trace if ^(a6) = (j){ba) for all a, 6 in ^ 
and faithful if 0(x*x) = implies x = 0. Given a state cf) on a C* algebra A, there 
exists a triple (called the GNS triple) {H^-,t^^-,^^) consisting of a Hilbert space H^, a * 
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representation vr^ of A into BiTi^) and a vector in TL^ which is cycHc in the sense 
that {'n<f,[x)S^^ : X € A\ is total in Ti.^ satisfying 

(t){x) = {^^, ir^{x)^4,) . 

For a two-sided norm closed ideal X of a C* algebra A, the canonical quotient norm 
on the Banach space A/ 1 is in fact the unique C* norm making A/I into a C* algebra. 
Here we prove two results which we are going to need later on. 

Lemma 1.1.1. [30] LetC be a C* algebra and be a nonempty collection of C* -ideals 
( closed two-sided ideals ) of C. Then for any x in C, we have 

sup/gjF + /|| = ||x + /oil , 

where Iq denotes the intersection of all I in T and ||x-|-/|| = inf{||x — y|| : y G /} 
denotes the norm in C/I. 

Proof : It is clear that sup/gjp ||x + /|| defines a norm on C/Iq, which is in fact a C* 
norm since each of the quotient norms ||. + 1|| is so. Thus the lemma follows from the 
uniqueness of C* norm on the C* algebra C/Iq. □ 

Lemma 1.1.2. Let C be a unital C* algebra and J- be a nonempty collection of C*- 
ideals (closed two-sided ideals) ofC. Let Iq denote the intersection of all I in T, and 
let px denote the map C/Iq 3x+Iq^x + I^C/I for I in T . Denote by the set 
{lo o px,I ^ J-', lo state on C/I}, and let K be the weak-* closure of the convex hull 
o/r2|J(— Then K coincides with the set of bounded linear functionals uj on C/Iq 
satisfying \\uj\\ = 1 anduj[x* +Iq) = uj^x + Iq). 



Proof : We will use Lemma 1.1.1 Clearly, X is a weak-* compact, convex subset of 
the unit ball {C/Iq)\ of the dual of C/Iq, satisfying —K = K. 11 K is strictly smaller 
than the self-adjoint part of unit ball of the dual of C/Iq, we can find a state uo on 
C/Iq which is not in K. Considering the real Banach space X = (C/Xo)s.a. ^-^d using 
standard separation theorems for real Banach spaces (for example. Theorem 3.4 of [49], 
page 58), we can find a self-adjoint element x of C such that ||x -|-To|| = 1, and 

sup oj' [x + Iq) < uj[x + Iq). 

Let 7 belonging to M be such that sup^/g/^' +Iq) < 7 < oj[x + Iq). Fix < e < 
u^x+Iq)—^, and let X be an element of be such that ||x-|-Xo|| — § < Ik+^^ll \\x+Iq\\- 
Let (/) be a state on C/I such that ||a; -|-X|| = \(j){x -|-X)|. Since x is self-adjoint, either 
(j){x + 1) or —(j){x +1) equals ||x -|-X||, and cp' := ±0 o pj, where the sign is chosen so 
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that (/)'(,T+2'o) = ||x+X||. Thus, (/)' is in K, so ||a;+Xo|| = (p'{x+I) < 7 < uj{x+Iq) — e. 
But this imphes \\x + 2o|| < + ^11 + f < + ^0) — | < H^; + 2o|| — e (since w is a 
state), which is a contradiction completing the proof. □ 

For a C* algebra A ( possibly non unital ), its multiplier algebra, denoted by M{A), 
is defined as the maximal C* algebra which contains .4 as an essential two sided ideal, 
that is, A is an ideal in M{A) and for y in M{A), ya = for all a in ^ implies y = 0. 
The norm of Ai{A) is given by ||x|| = sup„g^j|a||<i{||xa|| , ||aa;||}. There is a locally 
convex topology called the strict topology on Ai(A), which is given by the family of 
seminorms ,a G A}, where ||x||^ = Max(||xo|| , ||ax||), for x in M{A). M{A) is the 

completion of A in the strict topology. 

We now come to the inductive limit of C* algebrsis . Let / be a directed set 
and {Ai}i^i be a family of C* algebras equipped with a family of C* homomorphisms 

• -^j ~^ Ai { when j < i ) such that = ^ik^kj when j < k < i. Then there 
exists a unique C* algebra denoted by limj^j and C* homomorphisms (pi : Ai ^ limj^ 
with the universal property that given any other C* algebra A' and C* homomorphisms 
ipi : Ai ^ A' satisfying ipj = ipi^ij for j < i, then there exists unique C* homomorphism 
X ■ limj^j A' satisfying x'Pi = V'i- ^^^iAi is called the inductive limit C* algebra 
corresponding to the inductive system {Ai , ^ij ) . Inductive limit of a sequence of finite 
dimensional C* algebras are called approximately finite dimensional C* algebras or AF 
algebras. 

A large class of C* algebras are obtained by the following construction. Let ^0 
be an associative *-algcbra without any a-priori norm such that the set JT = {tt : 
^0 ~^ B{T~(-Ti) * —homomorphism, a Hilbert space} is non empty and ||.||„ defined 
by = sup{||7r(a)|| : vr G ^} is finite for all a. Then the completion of ^0 in |M|u is 
a C* algebra known as the universal C* algebra corresponding to Aq. 

Example 1: Noncommutative two-torus 

Let 6 belongs to [0, 1]. Consider the * algebra Ao generated by two unitary symbols 
U and V satisfying the relation UV = e'^^^^VU. It has a representation tt on the Hilbert 
space defined by TT{U){f){z) = f{e^^^^z), 7r(y)(/)(z) = zf{z) where / is in 

L^(S'^), z is in S^. Then ||a||„ is finite for all a in ^o- The resulting C* algebra is called 
noncommutative two-torus and denoted by Ae- 

Example 2: Group C* algebra 

Let G be a locally compact group with left Haar measure jJL. One can make L^{G) 
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into a Banach *-algebra by defining 

(/*5)(*)= / f{s)g{s-H)dfi{s), 
JG 

nt) = A{t)-'j{F^. 

Here /, g are in L^{G), A is the modular homomorphism of G. 

L^{G) has a distinguished representation iTreg on L?{G) defined by TTregif) = 
J f(t)TT(t)dfi{t) where 7r(t) is a unitary operator on L^{G) defined by {TT{t)f){g) = 
f{t'^g) (/ e L'^{G), t,g e G). The reduced group G* algebra of G is defined to be 

G;{G) ■.= nreg{L^{G)f'''^''^\ 

Remark 1.1.3. For G abelian, we have G*{G) = Cq{G) where G is the group of 
characters on G. 

One can also consider the universal G* algebra described before corresponding to 
the Banach *-algebra L^{G). This is called the free or full group G* algebra and denoted 
by G*{G). 

Remark 1.1.4. For the so-called amenable groups ( which include compact and abelian 
groups ) we have G*{G) ^ C*(G). 

1.1.2 von Neumann algebras 

We recall that for a Hilbert space TC, the strong operator topology ( SOT ) , the 
wesik operator topology ( WOT ) and the ultra wesik topology are the locally 
convex topologies on B{H) given by families of seminorms J^i, J^2, ^3 respectively where 
•^1 = {P^ '■ C € ^}) ^2 = {P^,v '■ ^iV ^ ^}) ^3 = {Pp : /3 is a trace class operator on H} 
and p^{x) = \\x^\\ , p^,r]{x) = \{x^,r])\ , Pp{x) = \Tr{xp)\ ( where Tr denotes the usual 
trace on B{H)). 

Now we state a well known fact. 

Lemma 1.1.5. // r„ is a sequence of bounded operators converging to zero in SOT, 
then for any trace class operator W, Tr{TnW) —^0 as n ^ oo. 

For any subset B of B{H), we denote by B' the commutant of B, that is, B' = {x e 
B{H) : xb = bx for all b G B}. A unital G* subalgebra A C B{H) is called a von 
Neumann algebra if .4 = A!' which is equivalent to being closed in any of the three 

topologies mentioned above. 

A state (f) on a von Neumann algebra A is called normal if 0(.t„) increases to (f){x) 
whenever Xa increases to x. A state ^ on ^ is normal if and only if there is a trace class 
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operator p on TC such that (p^x) = Tr(px) for all x in A. More generally, we call a linear 
map ^ : A ^ B { where ;B is a von Neumann algebra ) normal if whenever Xa increases 
to X for a net Xa of positive elements from A, one has that ^{xa) increases to in 
B. It is known that a positive linear map is normal if and only if it is continuous with 
respect to the ultra- weak-topology. In view of this fact, we shall say that a bounded 
linear map between two von Neumann algebras is normal if it is continuous with respect 
to the respective ultra-weak topologies. 

1.1.3 Free product and tensor product 

If {Ai)iei is a family of unital C* algebras, then their unital C* algebra free product 
*i^iAi is the unique C* algebra A together with unital *-homomorphism : Ai ^ A 
such that given any unital C* algebra B and unital *-homomorphisms : Ai ^ B there 
exists a unique unital *-homomorphism : A^ B such that (pi = ^ o ip^. 

RertiEirk 1.1.6. It is a direct consequence of the above definition that given a family of 
C* homomorphisms (pi from Ai to B, there exists a C* homomorphism *i(pi such that 
i*i<Pi) otpi = (pi for all i. 

Remsirk 1.1.7. We recall that for discrete groups {Gi}i^j, C*{*i^iGi) = *i^iC*{Gi). 

For A and B two algebras, we will denote the algebraic tensor product of A and 
B by the symbol A ^alg B. When A and B are C* algebras, there is more than one 
norm on A ®alg B so that the completion with respect to that norm is a C* algebra. 
Throughout this thesis, we will work with the so called injective tensor product, that is, 
the completion of A®alg^ with respect to the norm given on A^alg^ by || ^11^=1 ^^i®^? II = 
s^pII Sr=i ^i(^i) ® ^'^{^i)\\B{H-i&-L2) where Oj is in A, hi is in B and the supremum 
runs over all possible choices of (tti,?^!), (vr2,'H2) where Ti.i,Ti.2 are Hilbert spaces 
and TTi : A ^ B{Hi) and 772 ■ A2 ^ B{H2) are *-homomorphisms. When A C 
B(7ii), B C B(7i2) are von Neumann algebras, then by the notation AiE> B, we mean 
the von Neumann algebra tensor product, that is, the WOT closure of A (^alg B in 
B{7ii 7^2)- We refer to [56] for more details. 

We now prove a useful general fact. 

Lemma 1.1.8. Let A be a C* algebra and uj,ujj (j = 1,2, ...) be states on A such that 
ujj u) in the weak-* topology of A* . Then for any separable Hilbert space TC and for 
all Y in M.{]Ci7i) ® A), we have (id ® ujj)iY) (id ® w)(y) in the strong operator 
topology. 

Proof: Clearly, i\A to j){Y) (id tj) (K) (in the strong operator topology) for 
all Y in Fm(Ti) ®aig A, where Fin('H) denotes the set of finite rank operators on Ti. 
Using the strict density of Fin(7^) (8)aig A in Ai{IC{H) 0A), we choose, for a given Y in 
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M{K.{n) ® A), i'mH with ||^|| = 1, and 5 > 0, an element Yq in Fin(W) (g)aig A such 
that II (y - Yq){\^ >< ^\ ® 1)11 < 5. Thus, 

||(id®a;,)(y)e-(id®a;)(y)C|| 
= ||(id ® a;,-)(i^(|C X ei ® 1))^ - (id ® a;)(F(|e >< CI ® 1))CII 

< ||(id a;,-)(^o(|e X i\ ® m - (id ® a;)(yo(|e >< CI ® 1))CII 

+ 2||(y-yo)(ie><ei®i)ll 

< ||(id ® uj,){Yo{\i X el C3 1))^ - (id ® cc;)(yo(|C >< CI l))?ll + 2(^, 

from which it follows that (id (8) a;j)(y) — (id (g) a;)(y) in the strong operator topology. 

□ 

Let A and B be two unital *-algebras. Then a linear map T from ^ to 6 is called 
n-positive \{ T Idn : yl J\An{C) ^ B ® A^n(C) is positive for all /c < n but not 
necessarily for k = n + 1. T \s said to be completely positive ( CP for short ) if it is 
n-positive for all n. It is a well known result that for a CP map T : A^ B{H), one has 
the following operator inequality for all a in A- 

T{arT{a)<\\T{l)\\T{a*a). (1.1.1) 

Tensor product and composition of two CP maps are CP. The following is an useful 
result about CP maps. 

Proposition 1.1.9. If A and B are C* algebras with A commutative, (p is a positive 
map from A to B, then is CP. The same holds if (p is from B to A. 

1.1.4 Hilbert modules 

Given a *-subalgebra A C B(TC) ( where H is a Hilbert space ), a semi-Hilbert A module 
£^ is a right ^-module equipped with a sesquilinear map (. , .) : E x E ^ A satisfying 
{x,y)* = {y,x) , {x,ya) = {x,y)a and {x,x) > for x,y in E and a in ^. A semi 
Hilbert module is called a pre-Hilbert module if {x, x) = if and only if a; = 0. It is 

called a Hilbert module if furthermore, .4 is a C* algebra and E is complete in the norm 

1 

X I— ||(a;,x)||2 where ||.|| is the C* norm of A. 

The simplest examples of Hilbert A modules are the so called trivial A modules of 
the form H'SiA where H is a Hilbert space with an A valued sesquilinear form defined 

on H ^alg Ahy : a, C' a') = a*a' . The completion of Tl ^alg A with respect 

to this pre Hilbert module structure is a Hilbert A module and is denoted hy TC A. 

We recall that for a pre Hilbert A module E ( A is a C* algebra ), the Cauchy 
Schwarz inequality holds in the following form: < {x,y) {y,x) < {x,x) ||(y, y)|| . 



15 



Quantum Groups 



Let E and F be two Hilbert A modules. We say that a C linear map L from to F is 
adjointable if there exists a C linear map L* from F to E such that {L(x),y) = {x, L*{y)) 
for all a; in y in F. We call L* the adjoint of L. The set of all adjointable maps 
from E to F is denoted by C{E,F). In case, E = F, we write C{E) for C{E,E). For 
an adjointable map L, both L and L* are automatically ^-linear and norm bounded 
maps between Banach spaces. We say that an element L in £.{E, F) is an isometry if 
{Lx, Ly) = {x, y) for all x^y in E. L is said to be a unitary if L is isometry and its range 
is the whole of F. One defines a norm on C{E, F) by = sup^.^^^ ||a;||<i 11-^(^)11 • ^{^) 
is a C* algebra with this norm. 

There is a topology on C(E,F) given by a family of seminorms {||.||^ , : x G 



E, y G F} ( where = {tx,tx 



and ||t||^ 



{t*y,t*y) 



known as the strict 



topology. For x in E, y in F, we denote by Ox.y the element of C{E,F) defined by 
Gx,y{z) = y {x, z) ( where 2; is in ). The norm closure ( in C{E, F) ) of the A linear 
span of {9x,y : x e E, y E F} is called the set of compact operators and denoted 
by }C{E,F) and we denote ]C{E,E) by K{E). These are not necessarily compact in 
the sense of compact operators between two Banach spaces. One has the following 
important result: 

Proposition 1.1.10. The multiplier algebra M.{1C{E)) of JC{E) is isomorphic with 
C{E) for any Hilbert module E. 

Using this, for a possibly non-unital C* algebra B, we often identify an element V of 
M{lC{n) ® B) with the map from H to H^B which sends a vector ^ of H to Ig) 
in W O 6. 

Given a Hilbert space TC and a C* algebra A, and a unitary element U oi Ai {IC(7i) <^ 
A), we shall denote by au{^ adjj) the *-homomorphism au{X) = U{X ® 1)U* for 
X belonging to B{H). For a not necessarily bounded, densely defined (in the weak 
operator topology) linear functional r on B{H), we say that ajj preserves r if au maps 
a suitable (weakly) dense *-subalgebra (say V) in the domain of r into V (g)aig A and 
(r (g) id){au{x)) = r(a;).l^ for all x in V. When r is bounded and normal, this is 
equivalent to (r (g) id)(a;7(x)) = t{x)1_a for all x belonging to B{H). 

We say that a (possibly unbounded) operator T on H commutes with U ii T ® I 
(with the natural domain) commutes with U . Sometimes such an operator will be called 
C/-equi variant. 



1.2 Quantum Groups 

In this section, we will recall the basics of Hopf algebras and then define compact 
quantum groups ( as in [67], [66] ). After that, we will discuss a few examples of 
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quantum groups and the concept of an action of a compact quantum group on a C* 
algebra. For more detailed discussion, we refer to [37], [35], [15] [42] and references 
therein. In this thesis, we will be concerned about compact quantum groups only. For 
other types of quantum groups, we refer to [37], [38], [58] etc. 

1.2.1 Hopf algebrcis 

We recall that an associative algebra with an unit is a vector space A over C together 
with two linear maps m : A<Si A ^ A called the multiplication or the product and r/ : 
C ^ A called the unit such that m(m(8)id) = m(id(8)m) and m{r]<Siid) = id = m(id(8)??). 
Dualizing this, we get the following definition. 

Definition 1.2.1. A coalgebra A is a vector space over C equipped with two linear 
maps A : A ^ A<Si A called the comultiplication or coproduct and e : A — ^ C such that 

(A (g) id)A = (id (g) A)A, 

(e (g) id) A = id = (id (g) e)A. 

Definition 1.2.2. Let {A,Aa,€a) and {B, Ab,€b) be co algebras. A C linear mapping 
(j) : A—i- B is said to be a cohomomorphism if 

As o ^ = (^(g) ^)Aa 

Let (T denote the flip map : A (g) ^ — ^ (g) A given by a{a (g 6) = 6 (g a. 

Definition 1.2.3. A coalgebra is said to be cocommutative if a o A = A. 

Definition 1.2.4. A linear subspace B of A is a subcoalgebra of A if A{B) C B(g)S. 

Definition 1.2.5. A C linear subspace I of A is called acoideal i/A(X) C A(gX+X(gA 
and e(X) = {0}. 

If X is a coideal of A, the quotient vector space A/I becomes a coalgebra with 
comultiplication and counit induced from A. 

Sweedler notation 

We introduce the so called Sweedler notation for comultiplication. If a is an element 
of a coalgebra A, the element A(a) in A <S> A is a finite sum A(a) = an <g a2i 
where an, a2i belongs to A. Moreover, the representation of A (a) is not unique. For 
notational simplicity we shall suppress the index i and write the above sum symbolically 
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as A(a) = a(i) a(2)- Here the subscripts (1) and (2) refer to the corresponding tensor 
factors. 

Definition 1.2.6. A vector space A is called a bialgebra if it is an algebra and a coalge- 
bra along with the condition that A : A ^ A<^ A and e : ^ ^ C are algebra homomor- 
phisms ( equivalently, m : A<Si A^ A and r] : C ^ A are coalgebra co-homomorphisms 
)■ 

Definition 1.2.7. A bialgebra A is called a Hopf algebra if there exists a linear map 
K : A ^ A called the antipode or the coinverse of A, such that mo [k,® id) A = rj o e = 
mo (id <Si k) o A. 

Dual Hopf algebra 

Let us consider a finite dimensional Hopf algebra A. Then the dual vector space A' is 
an algebra with respect to the multiplication fg{a) = {f®g)IS.{a). Moreover, for / in 
one defines the functional A(/) G {A<}<)A)' by A(f)(afS>b) = f{ab), a, b in A. Since A is 
finite dimensional, {AC!S>Ay = A' 0A' and so A(/) belongs to A' CiSiA'. Then the algebra 
A' equipped with the comultiplication A, antipode k defined by (K/)(a) = /(^(a)), 
counit e^/ defined by e_A'{f) = /(I) and lyi'(a) = e(a) gives a Hopf algebra. This is 
called the dual Hopf algebra of A. 

Definition 1.2.8. A Hopf *-algebra is a Hopf algebra ( .4, A,/«, e ) endowed with an 
involution * which maps a to an element denoted by a* satisfying the following proper- 
ties: 

1. For all a, b in A, a,(5inC, {aa + (5b)* = aa* + (3b* , (a*)* = a, (a.b)* = b*a*. 

2. A : A ^ A <Si A is a *-homomorphism which means that A(a*) = A(a)* where 
the involution on A® A is defined by (a b)* = a* ®b*. 

Proposition 1.2.9. In any Hopf * -algebra ( A,A,n,e ), we have 

1. e{a*) = e{a) for all a in A. 

2. K{K{a*)*) = a for all a in A. 

We recall that the dual algebra A' of a Hopf *-algebra .4 is a *-algebra with involution 
defined by 

f*{a) = f{Kia)*), for fin A'. 

Dual Pairing 

A left action of a Hopf *-algebra ( U,Au,Ku,eu ) on another Hopf *-algebra ( 
A, A^, K_4, e_4 ) is a bilinear form > -.U x A—>- C if the following conditions hold: 



(l)/>(aia2) = Aw(/)i>(ai«)a2), (/1/2) > a = (/i ® /2) > A^(a); 
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(2)/ t>lA = euif), lu>a = €^(a); 



(3)/* > o = / Kji{a)* (equivalently f > a* = Ku{f)* > a) 

for all /, /i, /2 in U and a, ai, 02 in yt. 

Similarly, a right action of a Hopf *-algebra ( U,Ai(,ku,€u ) on another Hopf *- 
algebra ( A, A_4, k_4, e_4 ) is a bilinear form <i : ^ x ^ C if the following conditions 
hold: aia2<f = (ai</(i))(a2</(2)), a^(/i/2) = A^(a)<(/iO/2), 1^<]/ = eiY(/), a<lu = 
e^(a), a <i /* = k^(o)* < / ( equivalently a* < / = a < nu{f)*) for all /, /i, /2 in U and 
a, ai, a2 in A. 

U = A! gives a particular case of this duality pairing. 

1.2.2 Compact Quantum Groups: basic definitions and examples 

Definition 1.2.10. A compact quantum group (to be abbreviated as CQG from 
now on) is given by a pair (5, A), where S is a unital separable C* algebra equipped 
with a unital C* -homomorphism A : S ^ S <Si S (where (8) denotes the injective tensor 
product) satisfying 

(ai) (A (g) id) o A = (id (g) A) o A (co-associativity) , and 

(aii) each of the linear spans of A{S){S<Sil) and of A{S){l<SiS) are norm-dense inS<SiS. 

It is well-known (see [67], [66]) that there is a canonical dense *-subalgebra <So of 5, 
consisting of the matrix elements of the finite dimensional unitary (co)-representations 
(to be defined shortly) of S, and maps e : Sq ^ C (co-unit) and k : So ^ So (antipode) 
defined on »So which make Sq a Hopf *-algebra. 

The following theorem is the analogue of Gelfand Naimark duality for commutative 
CQG s. 

Proposition 1.2.11. Let G be a compact group. Let C{G) be the algebra of continuous 
functions on G. If we define A by A(f){g,h) = f{g-h) for f in C{G), g,h in G, then 
this defines a CQG structure on C{G). 

Conversely, let (5, A) be a commutative CQG. Let H{S) denote the Gelfand spec- 
trum of S and endow it with the product structure given by x'x! = (x®xO^ where x, x' 
are in H{S). Then H{S) is a compact group. 

Remark 1.2.12. In [57], A Van Daele removed Woronowicz's separability assumption 
(in [67] ) for the C* algebra of the underlying compact quantum group. We remark 
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that although we assume that CQG s are separable, most of the results in this thesis go 
through in the non separable case also. 

Definition 1.2.13. Let (S,As) be a compact quantum group. A vector space M is said 
to be an algebraic S co-module (or S co-module) if there exists a linear map a : M —>■ 
M (giaig ^0 such that 

1. a0 id)a = (id As)a, 

2. (id (g) e)oi{m) = m for all m in M. 

In the notations as above, let us define a : M (^j S M ®S hy a = {\d®m){a®\d). 
Then we claim tliat 5 is invertible with the inverse given by T{m(^q) = (id(g)K)a(m)(l0 
g), where m is in M, (7 is in 5. As T is defined to be Sq linear, it is enough to check 
that aT{m ®l) = m®l. 

aT{m (g) 1) 
= 5(m(i) (g) K(m(2))l) 

= "^(l)(l) ® "l(i)(2)K(m(2)) 

= (id (g m(id (g K)A)a{m) 
= (id (g e().l)Q(m) 
= m (g 1. 

Similarly, Ta = id. Thus, 

r = 5-\ (1.2.1) 

Definition 1.2.14. A morphism from a CQG ((Si,Ai) to another CQG (»S2,A2) is a 
unital C* homomorphism tt : Si ^ S2 such that 

(tt (g 7r)Ai = A27r. 

It follows that in such a case, tt preserves the Hopf *-algebra structures, that is, we 
have 

7r((<Sl)o) C (^2)0, TTKl = AC27r, €2^ = 61, 

where Ki,ei denotes the antipode and counit of Si respectively while K2,€2 denotes 
those of S2. 

Definition 1.2.15. A Woronow^icz C*-subalgebra of a CQG (5i,A) is a C* subal- 
gebra S2 of Si such that {S2, Aj^j) is a CQG such that the inclusion map from S2 Si 
is a morphism of CQG s. 

Definition 1.2.16. A Woronowicz C*-ideal of a CQG {S,A) is a C* ideal J of S 
such that A(J) C Ker(7r (g tt), where tt is the quotient map from S to S / J. 
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It can be easily seen that a kernel of a CQG morpliism is a Woronowicz C*-ideal. 
We recall the following isomorphism theorem. 

Proposition 1.2.17. The quotient of a CQG (5, A) by a Woronowicz C*-idealI has 
a unique CQC structure such that the quotient map ir is a morphism of CQG s. More 
precisely, the coproduct A on S/I is given by A(s + 1) = {n 7r)A(s). 

Definition 1.2.18. A CQG {S',A') is called a quantum subgroup of another CQG 
((S, A) if there is a Woronowicz C* -ideal J of S such that {S',A') = {S,A)/J. 

Let us mention a convention which we are going to follow. We shall use most of the 
terminologies of [59], for example Woronowicz C* -subalgebra, Woronowicz C*-ideal etc, 
however with the exception that we shall call the Woronowicz C* algebras just compact 
quantum groups, and not use the term compact quantum groups for the dual objects 
as done in [59] . 

Let (5, A) be a compact quantum group. Then there exists a state h on S, to be 
called a Haar state on S such that {h Cg) id)A(s) = (id C5 h)A{s) = h{s).l. We recall 
that unlike the group case, h may not be faithful. But on the dense Hopf *-algebra Sq 
mentioned above, it is faithful. We have the following result. 

Proposition 1.2.19. Let i : S\ ^ S2 be an injective morphism of CQG s. Then the 
Haar state on Si is the restriction of that of S2 on Si . 

Remark 1.2.20. In general, the Haar state might not be tracial. In fact, there exists a 
multiplicative linear functional denoted by fi in [66] such that h{ab) = h{b{fi <a> fi)). 
Moreover, from Theorem 1.5 of [67], it follows that the Haar state of a CQG is tracial 
if and only if = id. 

Co-Representations of a compact quantum group 

Definition 1.2.21. A co-representation of a compact quantum group {S, A) on a Hilbert 
space H is a map U from H to the Hilbert S module H <Si S such that the element U 
belonging to M.{1C{H) S) given by U{$, 6) = U{^){1 (g) 6) ( ^ in H,b in S) satisfies 

(id0A)C/=[/(i2)C/(l3), 

where for an operator X in 13{7ii(d'H2) we have denoted by X(i2) o,nd ^(13) the operators 
X (g) 7-^2 in BiTii ® 7i2 tX" 'H2), and S23X(-]^2)^23 respectively and S23 is the unitary on 
Hi <S) H2 (8) K2 which flips the two copies of H2 ■ 

If U is an unitary element of M{}C{H) (8) S), then U is called a unitary co- 
representation. 
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From now on, we will drop the term co in the word co-representation unless there 
is any confusion. 

Remark 1.2.22. Let it be a CQG morphism from, a CQG Ai) to another GQG 
(52, A2). Then for every unitary representation U of Si, (id (8) vr)[/ is a unitary repre- 
sentation of 82- 



Following the definitions given in the last part of subsection |1.1.4 and a unitary 
representation [/ of a CQG on a Hilbert space TL, and a not necessarily bounded, 
densely defined (in the weak operator topology) linear functional r on B{7i), we will 
use the notation au and the terms "a^/ preserves r" and " U equivariant " throughout 
this thesis. 

A CQG (5, A) has a distinguished representation which corresponds to the right 
regular representation in the group case. Let 7i be the GNS space of S associated with 
the Haar state h, be the associated cyclic vector and /C be a Hilbert space on which 
S acts faithfully and non-degenerately. There is a unitary operator u on7i®lC defined 
by u{a£,Q ®rj)= A(a)(i^o ® v) when a is in S, r] is in /C. Then u can be shown to be an 
element of multiplier of fC{7i) ® S and called the right regular representation of S. 

Let u be a representation of a CQG (5, A) on a Hilbert space 7i. A closed subspace 
Til of 7i is said to be invariant if (e (E> l)f (e (8) 1) = v{e (8> 1), where e is the orthogonal 
projection onto this subspace. The representation v is called irreducible if the only 
invariant subspaces are {0} and 7i. It is clear that one can make sense of direct sum of 
(co)-representations in this case also. Moreover, for two representations v and tt; of a 
CQG (5, A) on Hilbert spaces Tli and Ti.2, the tensor product of v and w is given by the 
element t'(i3)?^(23)- The intertwiner between v and w is an element x in B(TCi,TC2) such 
that (x(Xil)f = w{xfSil)- The set of intertwiners between v and w is denoted by Mor(t', w). 
Two representations are said to be equivalent if there is an invertible intertwiner. They 
are unitarily equivalent if the intertwiner can be chosen to be unitary. 

Just like the case of compact groups, CQG s have an analogous Peter Weyl theory 
which corresponds to the usual Peter Weyl theory in the group case. We will give a 
sketch of it by mentioning the main results and refer to [41], [66] and [67] for the details. 

Let f be a unitary representation of (5, A) on Ti. If 7ii is an invariant subspace, 
then the orthogonal complement of TCi is also invariant. Any non degenerate finite 
dimensional representation is equivalent with a unitary representation. 

Every irreducible unitary representation of a CQG is contained in the regular rep- 
resentation. Let V he a representation on a finite dimensional Hilbert space TC. If we 
denote the matrix units in B{7i) by (cp^), we can write v = Cpq Vpq. Vpg are called 
the matrix elements of the finite dimensional representation v. Define v = epq ® v*g. 
Then u is a representation and is called the adjoint of v. It can be shown that if v is 
a finite dimensional irreducible representation, then v is also irreducible. Moreover, for 
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an irreducible unitary representation, its adjoint is equivalent with a unitary represen- 
tation. 

The subspace spanned by the matrix elements of finite dimensional unitary repre- 
sentations is denoted by Sq- Firstly, So is a subalgebra as the product of two matrix 
elements of finite dimensional unitary representations is a matrix element of the tensor 
product of these representations. Moreover, as the adjoint of a finite dimensional uni- 
tary representation is equivalent with a unitary representation, Sq is * invariant. We 
note that 1 is in Sq as 1 is a representation. Now, we will recall some basic facts about 
the subalgebra Sq. We will denote the Haar state of S by h. 

Proposition 1.2.23. (1) Sq is a dense ^-subalgebra ofS. 

(2) Let {u"' : a E 1} be a complete set of mutually inequivalent, irreducible unitary 
representations. We will denote the representation space and dimension of by Ha 
and n{a) respectively. Then the Schur's orthogonality relation takes the following form: 

For any a in /, there is a positive invertible operator F°' acting on Ha such that for 
any a, (3 in I and 1 < j,q < n{a), 1 < i,p < n{f3) 

(3) {Upg : a G 1,1 < p,q < n{a)} form a basis for Sq. 

(4) Moreover, A maps Sq into Sq (SiSq. In fact, A is given by A(Up^) = Y12=i ''^pk ® 
it^g. A counit and an antipode are defined on Sq respectively by the formulae, 

It follows that Sq becomes a Hopf * -algebra. 

A compact matrix quantum group is a CQG such that there exists a distin- 
guished unitary irreducible representation called the fundamental representation such 
that the *-algebra spanned by its matrix elements is a dense Hopf *-subalgebra of the 
CQG. 

We now discuss the free product of CQG s which were developed in [59]. Let 
((Si, Ai) and (52, A2) be two CQG s. Let ii and i2 denote the canonical injections of Si 
and S2 into the C* algebra Si * S2. Put pi = {ii (g) n)Ai and p2 = (^2 <X) ^2)^2. By the 
universal property of Si*S2, there exists a map A : <Si * <S2 — {Si * S2) <8) {Si * S2) such 
that Ail = pi and Ai2 = p2.It can be shown that A indeed has the required properties 
so that (5, A) is a CQG. 

Let {Sn}ne]N be an inductive sequence of CQG s, where the connecting morphisms 
TTmn from 5„ to Sm {n < m) are injective morphisms of CQG s. Then from Proposition 
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3.1 of [59], wc have that the inductive hmit So of Sn s has a unique CQG structure with 
the foUowing property: for any CQG S' and any family of CQG morphisms 0„ : Sn ^ S' 
such that (pm'^mn = 4'm the uniquely defined morphism lim„0„ in the category of unital 
C* algebras is a morphism in the category of CQG s. 

Combining the above two results, it follows that the free product C* algebra of an 
arbitrary sequence of CQG s has a natural CQG structure. 

Moreover, the foUowing result was derived in [59]. 

Proposition 1.2.24. Let ri,r2 be a discrete abelian groups. Then the natural isomor- 
phisms C*{Ti) ^ C{I\) and C*{Ti) * C*{T2) = C*{Ti * are isomorphism of CQG 
s. 

Let ii and 12 be the inclusion of CQG s Si and ^2 into Si * S2- If Ui and U2 
are unitary representations of CQG s Si and ^2 on Hilbert spaces 7ii and H2 respec- 
tively, then the free product representation of C/i and U2 is a representation of 
the CQG Si * S2 on the Hilbert space Hi © H2 given by the Si * S2 valued matrix 
/ (id(g)n)C/i A 

\ {idCSi2)U2 ) ' 

Similarly, the free product representation of an arbitrary sequence of CQG repre- 
sentations are defined. 

The inductive limit of an arbitrary sequence of CQG s has the structure of a CQG. 
The following lemma is probably known, but we include the proof ( taken from [9] ) for 
the sake of completeness. 

Lemma 1.2.25. Suppose that {Sn)ne]N is a sequence of CQG s and for each n, m in 
JV, n < m there is a CQG morphism 'iTn,m '■ Sn — ^ <5m with the compatibility property 

T^m,k ° ■^n,m = T^n,k, n < m < k. 

Then the inductive limit of C* -algebras {Sn)nelN has a canonical structure of a CQG. 
It will be denoted Soo or lim„g^5n. It has the following universality property: 
for any CQG {S, A) such that there are CQG morphisms -Kn '■ Sn ^ S satisfying for all 
m,n E IN, m > n the equality iTm o Trn,m = T^n, there exists a unique CQG morphism 
T^oo • «5oo — ^ S such that Wn = TToo o 7r„^oo for all n G IN, where we have denoted by T^n,oo 
the canonical unital C* -homomorphism from Sn into Soo ■ 

Proof: 

Let us denote the coproduct on 5„ by A„. We consider the unital C* -homomorphism 
Pn' Soo ® Soo given by p„ = (7r„^oo <^ '^n,oo) ° ^n, and observe that these maps do 
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satisfy the compatibility property: 

Pm O 7rn,m = Pn Vn < m. 

Thus, by the general properties of the C*-algebraic inductive limit, we have a unique 
unital C*-homomorphism Aqo : Soo — >■ 5oo <8) 5oo satisfying Aqo o tt^^oo = Pn for all n. 
We claim that (Soo,^oo) is a CQG. 

We first check that Aqo is coassociative. It is enough to verify the coassociativity 
on the dense set ^nT^n,ooi'Sn)- Indeed, for s = 7rn,oo(a) (a G Sn), by using Aoo o 7r„,oo = 
(7i"n,oo 7r„,oo) o A„, we have the following: 

(Aoo <8) id)Aoo(7r„,oo(a)) 
= (Aoo<8)id)(7r„,oo<^ )(An(a)) 

)(A„(g)id)(A„(a)) 
)(id(8)A„)(A„(a)) 
)oA„)(A„(a)) 
= (vr„,oo ® Aoo o 7r„,oo) (A„(a)) 
= (id (g) Aoo)((vr„,oo 1^ )(An(a))) 
= (id® Aoo)(Aoo(vr„,oo(a))) 

which proves the coassociativity. 

Finally, we need to verify the quantum cancellation properties. Note that to show 
that Aoo (5oo)(l® 5oo) is dense in 5oo 'SiSoo it is enough to show that the above assertion 
is true with 5oo replaced by a dense subalgebra \Jn'^n,ooi<Sn)- 

Using the density of A„(5„)(l (X" Sn) in 5„ Sn and the contractivity of the map 
7r„,oo wc note that (7r„,oo 7r„,oo)(A„(S'„)(l (g) Sn)) is dense in (7r„,oo O vr„,oo)('5„ O Sn)- 
This implies that (7r„^oo 'g7r„,oo)(A„(5„))(l (8)7rn,oo('5n)) is dense m TTn oo ^n,oo (5„) 

and hence Aoo(7rn,oo('5n))(l ® 7r„,oo('5n)) is dense in 7r„,oo(5n) (g) 7rn,oo(5„). The proof of 
the claim now follows by noting that 7r„,oo('5n) {Sn) C (Sm) for any 

m > n, along with the above observations. The right quantum cancellation property 
can be shown in the same way. 

The proof of the universality property is routine and hence omitted. 

□ 

We note that the proof remains valid for any other indexing set for the net, not 
necessarily iV. 
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1.2.3 The CQG U^{2) 

We now introduce the compact quantum group f7^(2). We refer to [37] for more details. 
As a unital C* algebra, ?7^(2) is generated by 4 elements ^11,1*12, ^21,^22 satisfying: 

UUU12 = fiuuuii (1-2-2) 

U11U21 = HU21U11 (1.2.3) 

U12U22 = IJLU22U12 (1-2-4) 

^^2l^t22 = A*«22^f2i (1.2.5) 

"12^*21 = U21U12 (1.2.6) 

unU22 - U22U11 = ifJ-- IJ'''^)ui2U2i (1-2.7) 

and the condition that the matrix n = j ] is a unitary. Thus, the above 

Y U21 U22 J 

matrix u is the fundamental unitary for ?7^(2). 
The CQG structure is given by 

^(■"jj) = Uik® Ukj, K{uij) = Uji*,e{uij) = 5ij. (1.2.8) 

fc=l,2 

The quantum determinant is defined by 

Dn = UUU22 — lJiUl2U21 = U22U11 — IJ,~^Ul2U2l- (1.2.9) 

Then, Di/Dn = D^D^* = 1. Moreover, belongs to the centre of Un{2). 
We mention the following result for future use. 

Proposition 1.2.26. 

k(uii) = U22D~^, k{ui2) = -H~^Ul2D~^, k{u2i) = -/X'U21-D~\ k{u22) = UnD~^ . 

Proof : By [37] ( Proposition 10, Page 314 ), we have that K,{uij) = UijDj^^ where 
Uij is the (i, j)th entry of a matrix u satisfying uu = uu = -D^/2- One can easily 

check that the matrix j ^ ] satisfies this equation and this proves the 

Proposition. □ 
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1.2.4 The CQG SU^{2) 

Let fi belongs to [—1, 1]. The C* algebra S'C/^(2) is defined as the universal unital C* 
algebra generated by a, 7 satisfying: 

a*a + 7*7 = 1, (1.2.10) 

aa + /X 77 = 1 , 

77 =77, 

/X7a = a7, 
)U7*Q; = 0:7*. 

The fundamental representation of SUn{2) is given by 
There is a coproduct A of SU^{2) given by : 

A(a) = a (8) a — /X7* (8) 7, A(7) = 7(80 + a* (8)7 

which makes it into a CQG. Let h denote the Haar state and H = -L^(<S'[/^(2)) be the 
corresponding G.N.S space. 
Ha£ir state on SU^{2) 

We restate the content of Theorem 14, Chapter 4 ( page 113 ) of [37] in a convenient 
form below. For all m > l,n,l,k > 0,k' ^ k", 

^((7*7)') = ^]_~2k+2 ^ /i(a"^7*V) = 0, /i(a*-7*V) = 0, /i(7*''7*'") = 0. (1.2.15) 



a 
7 



a* 



(1.2.11) 
(1.2.12) 
(1.2.13) 
(1.2.14) 



( Co )- representations of SUn{2) 

For each n in {0,1/2,1, }, there is a unique irreducible representation T" of 

dimension 2n + 1. Denote by t^- the ij th entry of T". They form an orthogonal basis 

of H. Denote by e^- the normalized i^- s so that {e^- : n = 0, 1/2, 1, , i,j = — n, — n + 

1, n} is an orthonormal basis. 

We recall from [37] that 

-1/2,-1/2 ~ ''-1/2,1/2 ~ ^ ' ' ''1/2,-1/2 ~ ''1/2,1/2 ~ " • l^l.z.io; 

Moreover, if we define 



jn,i = a{n,i)or V 



(1.2.17) 
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where a{n,i) s are some constants as in [37], then {fn,i : n = 0, |, 1, |, , — n < 

i < n} is an orthonormal basis of SU^{2) and A(/„^j) = Yl^=-n fn,k ® j. 
The following recursive relations will be useful to us. 

Proposition 1.2.27. 

1+1/2 
i,l+l/2 

= cu{i,lh*t\+i/2,i + ci2{i,l)a*i_y^^i -l + l/2<i<l-l/2, 

= C2l(i,/)7*t-+l/2,Z i = -l- 1/2, 

= C3i{i,l)a*t[_y2^i i = 1 + 1/2, 

(1.2.18) 



and for j < I, 

1+1/2 

= C{1, J>t'+i/2j+l/2 + C'(^ hjhi-l/2,j+l/2 -l + l/2<i<l- 1/2, 

= d{l,j)atli^^^y^ + d'{l,j)-f*t^ ._, i = -1-1/2, -/ + i<j</-l, 

= d"(/,i)a4+i/2,i+i/2 « = - 1/2, i = - ^, 
= e(/,i)7ttiAi+i/2 + e'(^i)a*4-i,i-i i = / + 1/2, 

(1.2.19) 

where Cpq[il),c{l,i,j),d[l,j),d\-,d''{l,j),e{l,j),e'(l,j) are all complex numbers. 
Proof : It can be easily seen that 



fi 



l+^,i 



c{l,i)afi 



(1.2.20) 



for some constants c{l,i). 

Moreover, from ( 1.2.17 
a'{l,i). This means that 



) we have 7*//,i = a' {1, 1)0^ £qj. gome constant 

a'{l,i) 



l*fi 



a{l + \,i + \)^'+^^ 



(1.2.21) 



We have = a{l + \,l + 1)7*^'+^ and fi^i = a{l,l)j*'^'' which implies that 



fi+li+l 



a{l,l) ^ 



(1.2.22) 



Now, we proceed to prove ( 1.2.18 ). Applying coproduct on ( 1.2.22 ) and using ( 
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1.2.171 ) and ( |1.2.21| ), we have 



=-('+!) 



a{l,l) 



a(/+ 5 



2' ' 



a(/ + i / + i) 



.k=-l 



c{l, k 



a{l,l) 



E — 



— ^+ E 

k=-l- 



*4.l 



k+ll 



c{l,k) 



Let -I + ^ < k < I - I. Then comparing coefficient of f^^i ^ we have t 

1 



Applying the same procedure for /c = - 



which proves the first equation of 



- / — 5 , we have t^^^^ 



k,l+l_ 



1.2.18 



)• 



which proves the second equation of ( 1.2.18 

r 



Similarly, for A: = / + 2, we have 



a(l+l,l+l)^ a'(l,k-^) I , 
a(;+^, fc) k -^,l^ 



a{l,l) 



c{lk)^*A+},,l^ 



which proves 



the third equation of ( 1.2.18 ). This completes the proof of ( [1.2.18 ). 

Next, to prove ( 1.2.19 ), we apply coproduct on ( [1.2.20 ) and use ( 1.2.17 ) and ( 
1.2.21[ ) to have 



k=-{l+\) 

k=-l 



i+i 



k,i+i 



k=-l 
I 



k=—n 



k=-l 
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i-2 k—l+^ 



For —1+^ < k < I — ^, hy comparing coefficient of fi^i }^ we liave 



1.2.19 



i - '^^'''^ ^^'^ equation of ( 

Comparing coefficient of /, , i , we have t^^ i . = i at^ i from which 



we get the second and the third equation of ( 1.2.19 



Comparing coefficient of f, , i , , i , we have t" ' ? . = — c(i,t)a{i,i) a fj-om which 



we get the last equation of ( [1.2.19 



□ 



We recall the following multiplication rule from Page 74, [37] which we are going to 
need : 

k=\l-l/2\, 1+1/2 

{ck{l,i, , j') are scalars). 

1.2.5 The Hopf *-algebras 0{SU^{2)) and ^^.(^^^(2)) 

We define the Hopf *-algebra C'(S'C/^(2)) following the notations of [37]. 

0{SL^(2)) is the complex associative algebra with generators a, 5, c, d such that 

ab = ^ba, ac = fica, bd = fidb, cd = fxdc, be = cb, ad — ^bc = da — fi~^bc = 1. (1.2.24) 

The coproduct is given by 

A(a) = af^a + b0c, A(6) = a0b + b<Sid, 

A(c) = c®a + (i(8)c, A(d) = c(g)6 + d(g)d. 

The antipode is 

K{a) = d, K,{b) = —6, k[c) = — c, K,[d) = a 

Finally, the counit is 

e(a) = e{d) = 1, e(6) = e(c) = 0. 
For all /i in M, there is an involution of the algebra 0{SL^(2)) determined by 



a* = d, b* = -fjLC. 



(1.2.25) 
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The corresponding Hopf *-algebra is denoted by 0{SU^{2)). 

Proposition 1.2.28. 0{SU^{2)) can be identified with (5f7^(2))Q, i.e the Hopf*-algebra 
generated by the matrix elements of irreducible unitary representations of SU^{2), via 
the isomorphism given on the generators by 



a 



a, ^ i-^ c, a I— > 



d, 7* 



'b. 



(1.2.26) 



Proof : {SU^{2))q is generated by the matrix elements of the fundamental unitary 
of SU^{2), that is, the *-algebra generated by a and 7. On the other hand, inserting ( 
we have that 0[SU^{2)) is generated by 4 elements o, 6, c, d such 
c*c, a* a + c*c = 1, aa* + fi'^c*c = 1. Comparing with 



1.2.25 in 



1.2.24 



that ac = fica, ac* = fj.c*a, cc 
the defining equations of S'C/^(2), that is, ( 
correspondence gives the required isomorphism. 



1.2.10 



) - ( 1.2.14 ), it is clear that the above 



□ 



Next, we recall from [51] the Hopf * algebra Ufj_{su{2)) which is the dual Hopf *- 
algebra of 0(5?7^(2)). It is generated by elements F, E, K, with defining relations: 

KK-^ = K-^K = 1, KE = nEK, FK = fiKF, EE - EE = {fi- ^i^^)-^{K'^ - K~'^) 

with involution E* = E, K* = K and comultiplication : 

A(^) =E(E)K + ® E, A(F) = E (E) K + K'^ ® E, A{K) = K®K. 

The counit is given by e{E) = e{E) = e{K — 1) = and antipode k{K) = K^^, k{E) = 
-fxE, k{E) = -jj-^E. 

There is a dual pairing (., .) of Z//^(su(2)) and 0[SU^{2)) given on the generators by 

{K^\a*) = {K^\a) = {E,^) = (F, -^7*) = 1 

and zero otherwise. 

The left action \> and right action <i oihl^{su{2)) on SU^{2) are given by: 
f>x = {f,X(2))x^i), x<if = {f,X(i))x(2), X G 0{SUf,{2)), f G Z^^(su(2)) where 
we use the Sweedler notation A(x) = X{2)- 
The actions satisfy : 

(/ox)* = k(/)* ox*, {x<f)* = X* <K{f)*, f>xy = (/(I) >a;)(/(2) >y), xy < f = 

ix<f(i))iy<f{2))- 

The action on generators is given by : 
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E > a = —fJ,^* 
F > (-/U7*) = a 
K > a = fj,~2a, 



7 : 

F>a* 



a 



7, 



0, 



E>a* 
F > 7 



(1.2.27) 



K >j = 27^ 



K >a* = fi2a*. 



j<E = a, a* <E = -^j* , a<E = 0, < E = 

a<F = j, -/i7*<iF = Q*, 7<iF = 0, a*<iF = 0, } (1.2.28) 
a<K = fi~la, 7* <] = ^^^7*, 'j < K = 'j , a*<K = fila*. 

1.2.6 The Wang algebras 

Let us now recall the universal quantum groups as in [61], [59] and references therein. 
For an n X n positive invertible matrix Q = {Qij). let A^^niQ) be the compact quantum 
group defined and studied in [60], [61], which is the universal C*-algebra generated by 
{u^j,k,j = 1, ...,n} such that u := {{u^j)) satisfies 

uu* = In = u*u, u'QuQ~^ = In = QuQ^^u . (1.2.29) 

Here u' = {{uji)) and u = {{u*^)). The coproduct, say A, is given by. 



kj 
k=l 



It may be noted that Au^n{Q) is the universal object in the category of compact quan- 
tum groups which admit an action on the finite dimensional C* algebra Mn(C) which 
preserves the functional M„ B x Tr(Q'^x),( see [63] ) where the notion of a CQG and 



that of preservation of a functional by an action are as in subsection 1.2.7 We refer 
the reader to [61] for a detailed discussion on the structure and classification of such 
quantum groups. 

Remark 1.2.29. It was proved in [59] that in the case where Q = I, k{uIj) = Uj* and 
hence k? = id holds for A„^„(/). 

1.2.7 Action of a compact quantum group on a C* algebra 

We say that the compact quantum group (5, A) (co)-acts on a unital C* algebra if 
there is a unital C*-homomorphism (called an action) a : B ^ B ® S satisfying the 
following : 

(bi) (a id) o a = (id A) o a, and 
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(bii) the linear span of a{B){l S) is norm-dense in B S. 

It is known ( see, for example, [60] , [44] ) that (bii) is equivalent to the existence 
of a norm-dense, unital *-subalgebra Bq of B such that a{Bo) C Bq (8)aig Sq and on Bq, 
(id (8) e) o a = id. 

We shall sometimes say that a is a 'topological' or C* action to distinguish it from 
a normal action of von Neumann algebraic quantum group. 

Definition 1.2.30. Let (<S, a) has a C* action a on the C* algebra B. We say that the 
action a is faithful if there is no proper Woronowicz C* -subalgebra Si of S such that 
a is a C* action of Si on B. 

Definition 1.2.31. Let (5, a) has a C* action a on the C* algebra B. A continuous 
linear functional (j) on B is said to be invEiriant under a if 

{(t)®id)a(b) = (l)(b).ls- 

Now, we recall the work of Shuzhou Wang done in [60]. One can also see [4], [5]. 
The quantum permutation group QUn is defined to be the C* algebra generated 
by aij ( i,j = 1,2, ...n ) satisfying the following relations: 

2 * ■ ■ -1 r) 

n 

'Y^ttij = 1, i = 1,2,. ..n, 

n 

^Oij = 1, i = 1,2, ...n. 
1=1 

The name comes from the fact that the universal commutative C* algebra generated 
by the above set of relations is isomorphic to C(S'„) where Sn denotes the permutation 
group on n symbols. 

Let us consider the category with objects as compact groups acting on on a n-point 
set Xn = {xi,X2, ...,Xn}- If two groups Gi and G2 have actions ai and 02 respectively, 
then a morphism from Gi to G2 is a group homomorphism such that a2{(t> x id) = ai. 
Then C(Sn) is the universal object in this category. It is proved in [60] that the quantum 
permutation group enjoys a similar property. 

We have that C(X„) = C*{ei : ef = = e*, Er=i ^r- = l,^ = l,2,...,n}. Then 
QUn has a C* action on C(X„) via the formula: 

n 

^(^j) = '^ei®aij,j = 1,2,. ..n. 

i=l 
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Proposition 1.2.32. Consider the category with objects as CQG s having a C* action 
on C{Xn) and morphisms as CQG morphisms intertwining the actions as above. Then 
QUn is the universal object in this category. 

Now we note down a simple fact for future use. 

Lemma 1.2.33. Let a be an action of a CQG S on C{X) where X is a finite set. Then 
a automatically preserves the functional r corresponding to the counting measure: 



Let X = {l,...,n} for some n e IN and denote by Si the characteristic function of 
the point i. Let a{Si) = Ylj ® Qij where {qij : i,j = 1 . . .n} are the images of the 
canonical generators of the quantum permutation group as above. Then r-preservation 
of a follows from the properties of the generators of the quantum permutation group, 



Wang also identified the universal object in the category of all CQG s having a C* 
action cti on Af„(C) ( with morphisms as before ) such that the functional ^Tr is kept 
invariant under qi. However, no such universal object exists if the invariance of the 
functional is not assumed. The precise statement is contained in the following theorem. 

Before that, we recall that -Mn(C) = C*{eij : CijCki = SjkCu, e*j = eji, Ylr=i ^rr = 
l,i,j,k,l = l,2,...n}. 

Proposition 1.2.34. Let QKm„{c) -it ^* (^Ig^bra with generators aff^ and the 

following defining relations: 



(T®id)(a(/)) 



r(/).l5. 



Proof: 



which in particular imply that = 1 = Qij- 



□ 



n 




n 





(^jii hjik,l — l,2,...,n, 



n 




r=l 



n 




r=l 



Then, 
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( 1 ) Q^M„{c) ^Tr ^ CQG with coproduct A defined by A(a^j) = Ylrs=i^rs ® 
i,j,k,l = 1,2, 

^ j 2^M fc) -Tr ^ ^* o-ction ai on M„(C) given by ai(eij) = X^fei=iefc; (8) 
^fj) = 1,2, ...,n. Moreover, QUMn{C) ^Tr universal object in the category of 

all CQG s having C* action on M„(C) such that the functional ^Tr is kept invariant 
under the action. 

( 3 ) There does not exist any universal object in the category of all CQC s having 
C* action on M„(C). 

Proposition 1.2.35. Since, any faithful state on a finite dimensional C* algebra A is 
of the form Tt:{Rx) for some operator R, it follows from Theorem 6.1, ( 2 ) of [60] that 
the universal CQC acting on any finite dimensional C* algebra preserving a faithful 
state (j) exists and is going to be denoted by QUA,<t>- 

Notations: 

We conclude this section on quantum groups by fixing some notations which will be 
used throughout this thesis. In particular, given a compact quantum group (5, A), the 
dense unital Hopf *-subalgebra of S generated by the matrix elements of the irreducible 
unitary representations will be denoted by Sq. Moreover, given an action ^ : B ^ B®S 

of the compact quantum group (5, A) on a unital C*-algebra B, the dense, unital *- 
subalgebra of B on which the action becomes an action by the Hopf *-algebra Sq will be 
denoted by Bq. We shall use the Sweedler convention of abbreviating ^{h) G ^o'X'aig'^o by 
6(1) ® 6(2)) for 6 in So- This applies in particular to the canonical action of the quantum 
group S on itself, by taking 7 = A. 

Moreover, for a linear functional / on 5 and an element c in Sq we recall the 
'convolution' maps / < c := {f ® id)A(c) and c > / := (id Cg) /)A(c). We also define 
convolution of two functional / and g by {f og){c) = (/ <8) g){A{c)). 

1.3 Rieffel deformation 

In this section, we recall the notions of RiefFel's formulation of deformation quantization 
( [46] ) as well as Rieffel type deformation of CQG s due to Rieffel and Wang ( as in [47] 
and [62] ). 

Wc begin with Rieffel deformation ( as in [46] ) from action of R" on a C* algebra. 
In the following discussion and henceforth, the symbol e(x) will stand for e^'^"'. Let V be 
a real vector space of dimension n and a be its strongly continuous isometric action on 
a complex Prechet space A. Let denote the family of seminorms which determine 

the topology of A. It is assumed that a is isometric for each of the given seminorms on 
A. 
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Let denote the space of smooth vectors for the action a, that is, A°° = {a G 
A:v ^ a,u{a) is C°°}. 

Let {Xi,X2, ,Xn} be a basis of V and 5k denotes the operator of partial dif- 
ferentiation on A°° in the direction of X^. 

For any multi index /x = (/ii,/X2, we will let = Sf^^S^^"^ ...S'^" , /x! = 

/xi! |/i| = J27=il^i- ^^^^ equip A°° with the semi norms: \\a\\jk = 

supi<j 2^|^|<fe n\ ■ 

Let Cb(y, v4) denote the Frechet space of continuous bounded functions from V to A, 
equipped with the semi norms H/H^ = sup^ev • There is also a natural action of 

V on Cb(y,A) by translation and let Cu(y,A) denote the largest subspace of Cb(y,A) 
on which this action is strongly continuous and let B'^{V) denote the space of smooth 
vectors with respect to this action. 

LetW = V xV. Then B-^{W) makes sense and for in ^-^(1^), one can define the 
oscillatory integral / / F{u,v)e{u.v)dudv ( where u.v denote the usual inner product ) 
in the following way: 

We choose a basis of W and let L denote the lattice of points of W which have 
integer co-ordinates w.r.t this basis. Moreover, choose a positive 00 in C^{W) such 
that $ = J2peL 4>p vanishes nowhere on W where 0p denotes the translate oi (f) hy p 
belonging to L. Let (j) = 

It can be shown ( [46] ) that for F in B-^{W).. ^^^^ ?;)e(u.f con- 
verges absolutely in A and f f F{u,v)e{u.v)dudv is defined to be this sum. Moreover, 
this sum is independent of the choice of lattice and of 0. Thus, 

j J F{u, v)e{u.v)dudv = J {F(f)p){u,v)e{u.v)dudv. (1.3.1) 

For more details of oscillatory integral, we refer to [46] and references therein. 
We will need the following results from [46]. 

Proposition 1.3.1. ( Corollary 1.12, [46] ) Let F he a function in B-^{V x V) which 
depends only on the first variable, so that it is essentially an element of B'^{V). Then 
J J F{u)e{u.v)dudv = F{0). The same is true if instead F depends only on the second 
variable. 

Proposition 1.3.2. ( Proposition 1.14, [46] ) Let S be a continuous linear transfor- 
mation from A into a Frechet space C. Let F belongs to B-^{W). Then S o F belongs to 
B^{W) and S{j f F{u,v)e{u.v)dudv) = f f S{F{u,v))e{u.v)dudv. 

Now, let ^ be a Frechet algebra. Fix a skew symmetric matrix J on V. Then for all 
a,b in A°°, aju{a)av{b) belongs to B^{W) and a new product Xj is defined on A°° by 
declaring a Xjh = jy jy aju{a)oiyih)e{u.v)dudv. 
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If the Frcchct algebra has an involution * which is continuous and if a acts by * 
automorphisms, then * is also an involution for the deformed product Xj. 

Proposition 1.3.3. ( Lemma 2.20, [46] ) Let f,g belongs to B-^ and let g have the 
lattice L as a period lattice so that g can be viewed as a smooth function on the compact 
group H = V/L. Then J J f{u)g{v)e{u.v)dudv = f{p){jfj g{v)e{p.v)dv). A similar 
statement holds if instead it is f which is periodic. 

Corollary 1.3.4. 

r r 

e{0zi)e{z2)e{zi.Z2)dzidz2 = e{—d). 



II' 



Proof : We have, 

/ / e{9zi)e{z2)e{zi.Z2)dzidz2 



'^e{0p){ e{z2)e{p.Z2)dz2) 



^e(^p)(5p_i 
e(-0). 



□ 



Now, we will define the C* algebra constructed by Rieffel corresponding to the data 
(„4, y, a, J) where A is also assumed to be a C* algebra and a a C* automorphism. 

Let S"^ be the space of A valued smooth functions on V such that the product of 
their derivatives with any complex valued polynomials on V are bounded under the 
supremum norm of 5^. Then is a pre Hilbert right A module with A valued inner 
product defined by 

(/' 9) A = / f{vT9{v)dv, 
Jv 

for /, g belonging to S"^. 

Then, for a in A, one defines the operator on S-^ by 

Lzif)ix)= / / ax+juia)f{x + v)e{u.v)dudv, 
Jv JV 

where / belongs to S'^. Then 

Proposition 1.3.5. ( Theorem 4-6 of [46] ) L^ is a bounded operator having an adjoint 
on the pre Hilbert module S'^ and at—^L^isa* representation of the algebra {A°°, x j) 
into the C* algebra of bounded operators on S'^. 
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Now, by defining 

— ll-^sll ) 

we have a pre-C* norm ||||j on A°° endowed with the new product x j. 

The completion of this pre C* algebra is the deformed C* algebra and is denoted by 

Aj. 

One has a natm'al Frechet topology on Ay, given by a family of seminorms {|| ||^ j} 

wnere \\a\\^^j - 2^|^|<„ 

We recall the following Proposition from [46]. 

Proposition 1.3.6. ( Proposition 4-10, [46] ) Let J be fixed. Then for large enough k 
there is a constant Ck such that for all a in A°° , we have \\a\\j < Ck ||fl||2fc • 

Proposition 1.3.7. ( Proposition 7.1, [46] ) Let a be an action ofV on the C* algebra 
A, with A°° its subalgebra of smooth vectors. Let J be a skew- symmetric operator on 
V, and let a also denote the corresponding action of V on Aj. Then the subalgebra of 
smooth vectors in Aj for a is exactly A°° . Moreover, {Aj)_j = A. 

Corollary 1.3.8. A°° and Ay coincide as topological ( Frechet ) spaces. 

Proof : The proof is essentially contained in the proof of Proposition 7.1 in [46] ( 



Proposition 1.3.7 above ). By Proposition 1.3.6, we know that there is a constant 



such that for any a in A°° and for any 

WX^^aWj < Ck WX'^aW,, < 4 



a 



for j = \fi\+2k and a new constant c^. Thus, the inclusion of A°° into Ay is continuous 
for their Frechet topologies. Similarly, using {Aj)_j = A, we deduce that the inclusion 
of Ay into A°^ is continuous. This proves the result. □ 



Examples 

The Noncommutative Torus 

Let A = C(T"). For v = {vi,V2, ...,Vn) in M", x = {xi,X2, Xn) in T", / in C(T"), 
the action a of M" on A is given by a^fix) = f{xie{vi),X2e{v2),.-.Xne{vn))- Let 9 
be a n X n skew symmetric matrix and J = |. Then Aj can be seen to be equal to 
the noncommutative n tori T^, that is the universal C* algebra generated by unitaries 
Ui, i = l,2,...,n satisfying UiUj = e{6ij)UjUi where 9ij denotes the th entry of 
the matrix 6. We will denote by the notation Ag. 

The RiefFel deformed spheres 

For a skew symmetric matrix 9, we recall from [19], the definition of Sg. 
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Let V = 1,2, ....n. Let = e*^'"' where O^^y is the (/i, i^) th entry of the matrix 

e. 

Sg^~^ is the universal C* algebra generated by 2n elements z^, with relations: 

^f^^u ^ x^'^z'^z^', z^z'' = X^'^rz^, (1.3.2) 
z^z"" = y^z^'z^, (1.3.3) 
(z^)* = z^, (1.3.4) 

n 

^z'^z'^ = l. (1.3.5) 

It can be easily seen that 5"^"^^ is obtained by the Rieffel deformation of C(5'^"'~^) using 

the 2n x 2n skew symmetric matrix J whose (/i, i^) th entry is and the M^" action 

on (7(5"^"-^^) given by a„f{x\, ...,X2n) = /(xie(wi), . . . , X2ne{v2n)) ( w = ("Vi, ■■■,V2n) is in 
M2", / is in C°°(52n-1) 

S"!" is the universal C* algebra generated by 2n + 1 elements {z^, : /i = 



1,2, ..,n} where z^, z'^ satisfy ( 1.3.2 ) - ( 1.3.4 ), x is a self adjoint element satisfying 



the relations xz'^ = z^x for all = 1, 2, ...n and X]/^=i z^z^ + = 1 



S"^" is the Rieffel deformation of C(S'^") by the action of M^^+i on 0(5^") similar 

2 



to above and a (2n + 1) x (2n + 1) matrix J' such that ( J')^ = if < 2n, < 2n 



and otherwise. 



1.3.1 Rieffel Deformation of compact quantum group 

Here we describe the Rieffel deformation of a CQG as in [62]. 

Let {A, A) be a CQG with C(T") as a quantum subgroup. Let vr be the correspond- 
ing CQG morphism from A to C{T^). 

Let T] be the canonical homomorphism from M" to T" given by r](xi, X2, ,Xn) = 

(e(xi), e{x2), e{xn)) and evx be the state on C(T") obtained by evaluation of a func- 
tion at the point x in T"". 

Now, put 

\(s) = {ev^(-s)T^ ® id)A, (1.3.6) 

Priiu) = (id ® e?;^(M)7r)A. (1.3.7) 

We will use the notation 0(n) for eu^(u)-7r. 

Then there is a M^" action on ^ defined by 



(1.3.8) 
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Fix a skew symmetric matrix J on M" and put 

j = je(-J). 

Then, by the prescription of RiefFel as described above, we have a C* algebra Aj. 
Shuzhou Wang showed in [62] that Aj can be made into a CQG. 

The *-algebra generated by the matrix elements of unitary irreducible representa- 
tions of ^ ( denoted by ) is dense in the space A°° of smooth vectors of the action 
X under the Frechet topology and hence is dense in the C* algebra Aj under the C* 
norm of Aj. On Aq, the Hopf *- algebra structure remains unchanged and this extends 
to a CQG structure on Aj. 

We quote the following result ( Remark 3.10 ( 2 ), [62] ) which will be used later. 

Proposition 1.3.9. The Haar measure hj of Aj is still the same as the Haar measure 
on the common subspace Aq. 

Lemma 1.3.10. The Haar state (say h) of A coincides with the Haar state on Aj ( 
say hj ) on the common subspace A^ , and moreover, h{a Xjb) = h{ab) for a, b in A°°. 



Proof : We recall ( Proposition [1.3. 9 ) that h = hj on Aq- By using s) id) 



0(— ■s)(id h) and /i(id 0,{u)) = 0,{u){h id), we have for a in Qq, 

h{xs,u{a)) 
= Sl(-s)(id0/i)A(id®17(u))A(a) 
= S7(-s)(/i((id® Sl(u))A(a))l) 
= /i((id 17(n))A(a)) 
= 17(n)(/i(a).l) 
= h[a). 



Therefore, 



Now, 



hxs,u{b) = h{b) for all b in Qo- (1-3.9) 

h{aXjb) 
r r 

HXjuia)Xv{b))e{u.v)dudv 
h{Xv{Xju^^{a)b))e{u.v)dudv 
h{xt{a)b)e{s.t)dsdt, 
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where s = —u,t = Ju — v, which by Proposition 1.3.1 equals /i(xo('^)^) = h{ab). That 
is, we have proved 

(a,6)j = (a,6) Va,6G Qo, (1-3.10) 
where (•, ■) j and (•, •) respectively denote the inner products of L'^{hj) and L^{h). We 



now complete the proof of the lemma by extending ( [1.3.10 ) from Qo to Q°° , by using 
the fact that Q°° is a common subspace of the Hilbert spaces L'^{h) and L^{hj) and 
moreover, Qo is dense in both these Hilbert spaces. In particular, taking a = 1 in Qq, 
we have h = hj on Q°° . □ 



Remark 1.3.11. Lemma \1.3.10 implies in particular that for every fixed ai,a2 in Qq, 
the functional Qq B b h{ai x jb x ja2) = h{b x j a2 x j {fi < ai\> fi)) ( where fi is as 
in Remark 



1.2.20 



) = h{b{a2 X J (/i <i ai > /i))) extends to a bounded linear functional 



on Q. 



Let e be the identity of T^" and Un be a sequence of neighbourhoods of e shrink- 
ing to e, fn smooth, positive functions with support contained inside Un such that 
ij2n fn{z)dz = 1 for ah n. 

Let us denote the action of T^" action on A°° induced by x by X- Define A/,^(a) = 
jf'in Xz{o)fn{z)dz. Then, we have the following result: 

Lemma 1.3.12. Aj^(a) belongs to Q°° and 



Xz{a)fn{z)dz 



a as n 



oo. 



Proof : We note that, by using the translation invariance of Haar measure, for 
aU g in T^", Xg{>^f„{a)) = fj2n fn{g'^h)xh{a)dh. Therefore, Xg(A/„(a)) - Xf„{a) = 
jj2n{fn{g ^^h) — fn{h))xh{o)dh which proves the first part. 

Now we prove the second part. As Jj2n fn{z) = 1 for all n and supp (/„) C Un, we 
have 



Xz{a)fn{z) - a 



Xz{a)fn{z) - a fn{z)dz 

J2n Jj2n 



Y2n 



iXzia) - a)fn{z)dz 



{Xz{a) - a)fn{z)dz 



Now, using the fact that the map z ^ Xz{o) is continuous for all a, we deduce that 
for all e > 0, there exists n such that for all z in [/„, Hxzla) — Xo(o)|| < that is. 
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\\Xz{a) - a\\ < e. 

Hence, II /r|j,2„ Xz{a)fn{z)dz — a|| < e fj2n fn{z) = e which proves the lemma. □ 

Lemma 1.3.13. If h is faithful on Q, then hj is faithful on Qj. 

Proof : Let a > 0, G Qj be such that hj{a) = 0. Let A/^ be as defined above. 
Then, 

hj{\fM) 

hj{Xz{a))fn{z)dz 

2n 

/ hj{a)fn{z)dz 

Jj2n 

( by fJ^ ) 
0, 



so we have h{Xf^{a)) = 0, since h and hj coincide on Q°° by Lemma 1.3.10 and A/„(a) 
belongs to Q°°. 

Now we fix some notation which we are going to use in the rest of the proof. Let 
L^{h) and L^{hj) denote the G.N.S spaces of Q and Qj respectively with respect to 
the Haar states. Let i and ij be the canonical maps from Q and Qj to L^{h) and 
L'^{hj) respectively. Also, let 11 j denote the G.N.S representation of Qj. Using the 
facts h{b* Xjb) = h{b*b) for all b in Q°° and h = hj on Q°° ( by Lemma 



1.3.10 



we get IKj(fe) |Il2(/ij) = IK(^)lli2(^-) for all b in Q°°. So the map sending i(b) to ij{b) is 
an isometry from a dense subspace of L'^{h) onto a dense subspace of hence it 

extends to a unitary, say T : L?'{h) L'^(hj). We also note that the maps i and ij 
agree on Q°°. 

Now, a > means that Xf„{a) is positive in Qj and therefore, Xf„{a) = b* 'Xjb for 
some b in Qj. So h{\f^{a)) = implies hj{Xf^{a)) = and therefore IKj(^) Ili2(/j^) = 0. 
Therefore, one has Ilj{b*)i j{b) = 0, and hence ij{b*b) = i,j{Xf^{a)) = 0. It thus follows 
that r(i(Aj^(a))) = 0, which implies z(Aj^(o)) = 0. But the faithfulness of h means 



that i is one one, hence A/^(a) = for all n. Thus, recalling Lemma 1.3.12 we have 
a = limn^ooX f^[a) = 0, which proves the faithfulness of hj. □ 



At this point, we note a useful implication of the Lemma 1.3.10 Let us make use of 
the identification of Qq as a common vector-subspace of all Qj. To be precise, we shall 
sometimes denote this identification map from Qo to Qj by pj. 

Corollary 1.3.14. Let W be a finite- dimensional (say, n- dimensional) unitary repre- 
sentation of Q, with W belonging to M„(C)(8'Qo the corresponding unitary. Then, for 
any J , we have that Wj := (id®pj)(H^) is unitary in Qj, giving a unitary n-dimensional 
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representation of Qj. In other words, any finite dimensional unitary representation of 
Q is also a unitary representation of Qj. 

Proof: 

Since the coalgebra structures of Q and Qj are identical, and Wj is identical with W 
as a linear map, it is obvious that Wj gives a nondegenerate representation of Qj. 
Let y = {id® h){WjWj). It follows from the proof of Proposition 6.4 of [41] that y is 
invertible positive element of M„ and [y^ (^l)Wj{y~'i ®1) gives a unitary representation 
of Qj. We claim that y = 1, which will complete the proof of the corollary. For 
convenience, let us write W in the Sweedler notation: W = w^i-^ ® if (2)- We note that 



by Lemma 1.3.10 we have 



(id(® h){WjWj) 

= u;('i)U;(i)/i(u;^2)^(2)) 

= {id0h){W*W) = {id0h){l0l) = 1. 



□ 



Example The Rieffel deformed orthogonal groups 

Let 8 he a n X n skew symmetric matrix. C(T"') sits inside C(0(n)) as a quantum 
subgroup. It can be easily seen that Oe^n) is obtained by Rieffel deformation from 
C(0(n)) by using the induced M^" action as given in the equation ( 1.3.8 ) and consid- 
ering the matrix J = — J © J when n is even and —J'®J' when n is odd where J and 
J' are the matrices introduced while giving the definition of the 9 deformed spheres. 



1.4 Classical Riemannian geometry 

In this section we recall some classical facts regarding manifolds which will be useful to 
us later on. 

1.4.1 Classical Hilbert space of forms 

Let M be an n dimensional Riemannian manifold and Q^{M) { k = 0, l,2,...n ) be 
the space of smooth fe-forms. Set $7''(M) = {0} for k > n. The de-Rham differential 
d maps n''{M) to n''+^{M). Let n = n{M) = ®k^^(M). We wih denote the Rieman- 
nian volume element by dvol. We recall that the Hilbert space L?'{M) is obtained by 
completing the space {/ G C^(M)} with respect to the pre-inner product given by 
(/i,/2) = jj^j fif2dvol. 
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In an analogous way, one can construct a canonical Hilbcrt space of forms. The 
Riemannian metric (. , ( for m in M ) on T^M induces an inner product on the 
vector space T^M and hence also K^T^M, which will be again denoted by (. , .)^ . 
This gives a natural pre-inner product on the space of compactly supported A;-forms by 
integrating the compactly supported smooth function m ^ {u{rn),'q{m))^ over M. We 
will denote the completion of this space by H^{M). Let H = ®kH^{M). 

Then, one can view d : O — O as an unbounded, densely defined operator ( again 
denoted by d ) on the Hilbert space H with the domain It can be verified that it is 
closable. 

1.4.2 Isometry groups of classical manifolds 

Let M be a Riemannian manifold of dimension n. Then the collection of all isometries of 
M has a natural group structure and is denoted by ISO{M). Let C and U be respectively 
a compact and open subset of M and let W{C, U) = {h e ISO{M) : h.C C [/}. The 
compact open topology on ISO{M) is the smallest topology on ISO{M) for which the 
sets W{C, U) are open. It follows ( see [34] ) that under this topology, ISO{M) is a 
closed locally compact topological group. Moreover, if M is compact, ISO{M) is also 
compact. 

We recall that the Laplacian £ on M is an unbounded densely defined self adjoint 
operator —d*d on the space of zero forms TiP{D) = L^(M, dvol) which has the local 
expression 



for / in C°°(M) and where g = {{gij)) is the Riemannian metric and = {{g^^)). 
It is well known that on a compact manifold, the Laplacian has compact resolvents. 
Thus, the set of eigenvalues of C is countable, each having finite multiplicities, and 
accumulating only at infinity. Moreover, there exists an orthonormal basis of L^(M) 
consisting of eigenvectors of C which belong to C°^(Af). It can be shown ( Lemma 2.3 
of [30] ) that for a compact manifold, the complex linear span of the eigenvectors of C 
is dense in C°°{M) in the sup norm. 

The following result is in the form in which it has been stated and proved in [30] ( 
Proposition 2.1 ). 

Proposition 1.4.1. Let M he a compact Riemannian manifold. Let C he the Laplacian 
of M. A smooth map ^ : M ^ M is a Riemannian isometry if and only if 7 commutes 
with C in the sense that C{f 07) = {C{f)) o 7 for all f in C°^(M). 

Using this fact, we give an operator theoretic proof of the fact that for a compact 
manifold, LSO{M) is compact. As the action of ISO{M) commutes with the Laplacian, 




Chapter 1: Preliminaries 



44 



it has a unitary representation on L'^(M). As the action preserves the finite dimensional 

eigenspaces of the Laplacian, ISO{M) is a subgroup of U{di) x U{d2) x ( where 

{di : i > 0} denote the dimension of the eigenspaces of the Laplacian and U{d) denotes 
the group of unitary operators on a Hilbert space of dimension d ) which is a compact 
group. As ISO{M) is closed, it is a closed subgroup of a compact group, hence compact. 
We will see that this technique can be generalized in the noncommutative set-up in the 
chapters [2] and [3} 



Proposition [1.4.1 has the generalization in a more general context. 

Let us fix some notations. Let y be a compact metrizable space and 6 : M xY ^ M. 
Let : M ^ M defined by Cyim) = 9{m,y). Let a : C{M) C{M) C{Y) ^ 
C{M X Y) be defined by a{f){m,y) = f{9{m,y)) for all y m.Y, m in M. For a state 
(p on C{Y), denote by a^, the map: (id (g) 4>)a : C{M) C{M). Lastly, let be the 
span of eigenvectors of the Laplacian C of M. 

Then, we have the following( Lemma 2.5 of [30] ): 

Proposition 1.4.2. The following are equivalent: 

a. For every y in Y, is smooth isometric. 

b. For every state (j) on C{Y), we have a(^(^§°) C A"^ and a^j^C = Ca^ on A^ . 

Example 1.4.3. 1. The isometry group of the n-sphere S"' is 0{n + l) where the action 
is given by the usual action of 0{n + 1) on M"'^^. The subgroup of 0{n + 1) consisting 
of all orientation preserving isometrics on 5" is SO{n + 1). 

2. The isometry group of the circle is X\Z2. Here the Z2 ( = {0, 1} ) action 
on is given by l.z = z where z is in while the action of is its action on itself. 

3. ISO(T''^) = T" x(Z2 xSn) where S„ is the permutation group on n sym- 
bols. Here an element of Sn acts on an element {zi, Z2, Zn) S T'^ by permutation. 
If the generator of i-th copy of is denoted by Ij, then the action of Ij is given by 
li{zi,Z2, ■..,Zn) = {zi, ...,Zi_i,zl,Zi+i, ...,Zn) whcrc {zi, Z2, Zn) G T". Lastly, the ac- 
tion of T" on itself is its usual action. 

1.4.3 Spin Groups and Spin manifolds 

We begin with Clifford algebras. Let Q be a quadratic form on an n dimensional vector 
space V. Then Cl{V, Q) will denote the universal associative algebra C equipped with 
a linear map i : V ^ C, such that iiV) generates C as a unital algebra satisfying 
i{Vf = Q{V).l 

Let 13 : V ^ Cl{V,Q) be defined by (3{x) = -i{x). Then, Cl{V,Q) = 
Cf{V,Q) e Cl^{V,Q) where Cl^{V,Q) = {x G Cl{V,Q) : p{x) = x}, Cl\V,Q) = 
{x G Cl{V,Q) : = -x}. 
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We will denote by C„ and the Clifford algebras Cl{W^,—x'l — ... — x"^) and 
Cl{C'^, zf + ... + z^) respectively. 

We will denote the vector space C^^^' by the symbol A„. It follows that = 
End(A„) if n is even and equals End(A„) © End(A„) is n is odd. There is a represen- 
tation — End(A„) which is the isomorphism with End(A„) when n is even and in 
the odd case, it is the isomorphism with End(A„) 0End(A„) followed by the projection 
onto the first component. This representation restricts to C„, to be denoted by Kn and 
called the spin representation. This representation is irreducible when n is odd and for 
n even, it decomposes into two irreducible representations which decomposes A„ into a 
direct sum of two vector spaces A^ and A~. 

Pin(n) is defined to be the subgroup of Cn generated by elements of the form {x : 
||x|| = l,x G M"}. Spin ( n ) is the group given by Pin(n)n C^. There exists a continuous 
group homomorphism from Pin(n) to 0{n) which restricts to a two covering map A : 
Spin(n) ^ SO{n). 

Let M be an n-dimensional orientable Riemannian manifold. Then we have the 
oriented orthonormal bundle of frames over M ( which is a principal SO{n) bundle ) 
which we will denote by F. 

Such a manifold M is said to be a spin manifold if there exists a pair (-P, A) ( 
called a spin structure ) where 

( 1 ) P is a Spin( n ) principal bundle over M. 

( 2 ) A is a map from P to F such that it is a 2-covering as well as a bundle map 
over M. 

( 3 ) A{p.g) = A{p).g where \{g) = g. 

Given such a spin structure, we consider the associated bundle S = P Xsp'm{n) 
called the ' bundle of spinors '. 

1.4.4 Dirac operators 

We follow the notations of the previous subsection. On the space of smooth sections of 
the bundle of spinors S, one can define an inner product by 

{si,S2)s= / {si{x),S2{x)) dvol{x) 
Jm 

The Hilbert space obtained by completing the space of smooth sections with respect 
to this inner product is denoted by Lp'{S) and its members are called square integrable 
spinors. The Levi Civita connection on M induces a canonical connection on S which 
we will denote by V"^. 

Definition 1.4.4. The Dirac operator on M is the self-adjoint extension of the fol- 
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lowing operator D defined on the space of smooth sections of S : 

n 

{Ds){m) = J^Ai„(Xi(m))(Vi^s)(m), 
j=i 

where {Xi, are local orthonormal ( with respect to the Riemannian metric ) vector 

fields defined in a neighborhood of m. In this definition, we have viewed Xi{m) belonging 
to Tm{M) as an element of the Clifford algebra Clc(TmM), hence Kn{Xi{m)) is a map 
on the fibre of S at m, which is isomorphic with A„. The self-adjoint extension of D is 
again denoted by the same symbol. 

We recall three important facts about the Dirac operator: 

Proposition 1.4.5. ( 1 ) C°°{M) acts on S by multiplication and this action extends 
to a representation, say it, of the C* algebra C{M) on the Hilbert space L^(S'). 
( 2 ) For f in C°°{M), [D,7r(/)] has a bounded extension. 

( 3 ) Furthermore, the Dirac operator on a compact manifold has compact resolvents. 

As the action of an element / in C°^(M) on L'^{S) is by multiplication operator, we 
will use the symbol Mj in place of 7r(/). 

The Dirac operator carries a lot of geometric and topological information. We give 
two examples. 

( a ) The Riemannian metric of the manifold is recovered by 

d{p,q) = sup^gc-(M), ||[D,Af^]||<i l'^(^) - '^(^)l • 

( b ) For a compact manifold, the operator e^*^^ is trace class for all t > 0. Then 
the volume form of the manifold can be recovered by the formula 



/ fdvol = c(n)limt_>o 
JM 



Tr(M/e 



Tr(e-*^') 

where dimM = n, c(n) is a constant depending on the dimension. 



1.5 Noncommutative Geometry 

In this section, we recall those basic concepts of noncommutative geometry which we 
are going to need. We refer to [17], [40], [22] for more details. 



1.5.1 Spectral triples 



Motivated by the facts in Proposition 1.4.5, Alain Connes defined his formulation of 
noncommutative manifold based on the idea of a spectral triple: 
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Definition 1.5.1. A spectral triple or spectral data is a triple {A'^ ,7{, D) where H 
is a separable Hilbert space, A°° is a * subalgebra of BiTi) , ( not necessarily norm closed 
) and D is a self adjoint ( typically unbounded ) operator such that for all a in , 
the operator [D, a] has a bounded extension. Such a spectral triple is also called an odd 
spectral triple. If in addition, we have 7 in BiTL) satisfying 7 = 7*= 7"^, = —^D 
and [a, 7] = for all a in A°° , then we say that the quadruplet {A°° ,7i, D, 7) is an even 
spectral triple. The operator D is called the Dirac operator corresponding to the spectral 
triple. 

Furthermore, given an abstract *-algebra an odd ( even ) spectral triple on B is 
an odd ( even ) spectral triple ( TT(B),7i,D ) ( respectively, ( 7r{B),Ti., D,j ) ) where 
IT : B ^ B(TC) is a *-homomorphism. 

Since in the classical case, the Dirac operator has compact resolvent if the manifold 
is compact, we say that the spectral triple is of compact type if A°° is unital and D 
has compact resolvent. 

Definition 1.5.2. We say that two spectral triples ( ■Ki{A),7ii, Di ) and ( T^2{A),7i2, D2 
) are said to be unitarily equivalent if there is a unitary operator U : TCi TC2 such 
that D2 = UDiU* and tt2{-) = Uiri{.)U* where T^j,j = 1,2 are the representations of A 
in TLj , respectively. 

Next, we will give two examples of spectral triples in classical geometry and a non- 
classical example. We will give more examples in chapters [3] and [5} 



Example 1.5.3. Let M be a smooth spin manifold. Then from Proposition 1.4.5. we 
see that ( C°°{M),7i, D ) is a spectral triple over C°°{M) and is of compact type if M 
is compact. 

We recall that when the dimension of the manifold is even, A„ = © A^. An Lp' 
section s has a decomposition s = si + S2 where si{m), S2{m) belongs to A^(m) and 
A~(m) ( for all m ) respectively where A^(m) denotes the subspace of the fibre over m. 
This decomposition of L'^{S) induces a grading operator 7 on L^(S'). It can be seen that 
D anticommutes with 7. 

Example 1.5.4. This example comes from the classical Hilbert space of forms discussed 



in subsection \1.5.2 One considers the self adjoint extension of the operator d + d* on 
Ti. = ©fc'H'^(M) which is again denoted by d + d*. C°°{M) has a representation on 
each T-L^{M) which gives a representation, say tt on Tl. Then it can be seen that ( 
C°°{M),TC, d + d* ) is a spectral triple and d + d* is called the Hodge Dirac operator. 
When M is compact, this spectral triple is of compact type. 
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Remark 1.5.5. Let us make it clear that by a 'classical spectral triple' we always mean 
the spectral triple obtained by the Dirac operator on the spinors (so, in particular, man- 
ifolds are assumed to be Riemannian spin manifolds), and not just any spectral triple 
on the commutative algebra C°^{M). 

Example 1.5.6. The Noncommutative torus 



We recall from subsection 1.1.1 that the noncommutative 2-torus Aq is the universal 
C* algebra generated by two unitaries U and V satisfying UV = e^'^'^^VU where 9 is a 
number in [0, 1]. 

There are two derivations di and d2 on Ae obtained by extending linearly the rule: 

di{U) = U, di{V) = 0, 

d2{U) = 0, d2{V) = V. 

Then di and d2 are well defined on the following dense *-subalgebra of Ae : 
•^T = i X/ o.rnnU'^V^ ■ sup^ „ m'^n^amn < oo for all k,l in JN}. 

There is a unique faithful trace on Ae defined as follows: 

T(5^a™,C/™F") = aoo. 

Let TL = L"^ {t) (B L'^ {t) where L'^{t) denotes the GNS Hilbert space of Ag with respect 
to the state r. We note that A^ is embedded as a subalgebra of B(7i) by a ^ 



a 
a 



Now, we define D 



di+ id2 \ 
di — id2 I 

Then, [A^ ,71,0) is a spectral triple of compact type. In particular, for = 0, this 
coincides with the classical spectral triple on C(T^). 

1.5.2 The space of forms in noncommutative geometry 

We start this subsection by recalling the universal space of one forms corresponding to 
an algebra. 

Proposition 1.5.7. Given an algebra B, there is a ( unique upto isomorphism ) B — B 
bimodule ^^{B) and a derivation 6 : B ^ ^^{B) ( that is, 5{ab) = 6{a)b-\- a5{b) for all 
a,b in B ), satisfying the following properties: 

(i) il^{B) is spanned as a vector space by elements of the form a5{b) with a,b be- 
longing to B; and 
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(ii) for any B — B himodule E and a derivation d : B ^ E, there is an unique B — B 
linear map rj : — > E such that d = r] o S. 

The bimodule ^^{B) is called the space of universal 1-forms an B and 5 is called the 
universal derivation. 

We can also introduce universal space of higher forms on B, ^^{B), say, for k = 
2, 3, by defining them recursively as follows: ^'^'^^{B) = ^^{B) ®q^^{B) and also set 
= B. 

Now we briefly discuss the notion of the noncommutative Hilbert space of forms 
which will need noncommutative volume form for a spectral triple of compact type. We 
refer to [29] ( page 124 -127 ) and the references therein for more details. 

Definition 1.5.8. A spectral triple {A°" ,7i, D) of compact type is said to be Q- 
summable if e~*^^ is of trace class for all t > 0. ^ Q-summable spectral triple is called 
finitely summable when there is some p> such that t^ Tr(e~*'^^) is bounded on [0,6] 
for some 5 > 0. The infimum of all such p, say p' is called the dimension of the spectral 
triple and the spectral triple is called p' -summable. 

Remark 1.5.9. We remark that the definition of Q-summability to be used in this thesis 
is stronger than the one in [17] ( page 390, definition 1. ) in which a spectral triple is 
called Q-summable z/Tr(e~^^) < cxd. 

For a 0-summable spectral triple, let (tx(T) = '^''^'^^ i^„2 for A > 0. We note that 

Tr(e a" ) 

A 1-^ o"a(T) is bounded. 
Let 



rx{T) = ^ [\u{T)—foi A > a > e. 

log X Ja U 



Now consider the quotient C* algebra Boo = Ch{[a,oo))/Co{[a,oo)). Let for T in 
B{7i),T{T) in Boo be the class of A ^ tx{T). 

For any state w on the C* algebra Boo, Tr^{T) = uj{t{T)) for all T in BiTi) defines 
a functional on B(7i). As we are not going to need the choice of uj in this thesis, we will 

TrCTe"'-^^") 

suppress the suffix to and simply write Lim^^o+ — , .tja/ for Tr^^[T). This is a kind 

Tr(e ) 

of Banach limit because if lim(_^o+ — V, exists, then it agrees with the functional 

Tr(e ) 

Lim^^o+- Moreover, Tra;(T) coincides ( upto a constant ) with the Dixmier trace ( see 
chapter IV, [17] ) of the operator T\D\~^ when the spectral triple has a finite dimension 
p > 0, where is to be interpreted as the inverse of the restriction of \D\p on the 

closure of its range. In particular, this functional gives back the volume form for the 
classical spectral triple on a compact Riemannian manifold. 

Let Q^{A°^) be the space of universal k- forms on the algebra which is spanned 



by ao5(ai) • • • 5(afc), Oj belonging to A°° , where 5 is as in Proposition 1.5.7 There 
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is a natural graded algebra structure on 17 = ©fc>o ^^(-^°°)) which also has a natu- 
ral involution given by (5(a))* = —S{a*), and using the spectral triple, we get a *- 
representation n : Q — > B{7i) which sends ao5{ai) • • • d{ak) to aodoiai) • • • doicLk), where 
doia) = [D,a]. Consider the state r on B{Ti.) given by, t{X) = Lim^^o+ '^^l^gs, , 
where Lim is as above. Using r, we define a positive semi definite sesquilinear form on 
n''{A'^) by setting {w,r]) = T{U{w)*U{r])). Let K'' = {w e n''{A°°) : {w, w) = 0}, 
for A; > 0, and if-^ := (0). Let Q'^j be the Hilbert space obtained by completing the 
quotient rt'^(A'^)/K'' with respect to the inner product mentioned above, and we define 
Ti'l) := where Pk denotes the projection onto the closed subspace generated by 

S{K''-^). The map D' := d + d* = do + d*j^ on Hd+d* ■= ©fc>o '^D l^^s a self-adjoint 
extension (which is again denoted by d + d*). Clearly, Ti!j^ has a total set consisting 
of elements of the form [aQ8{ai) ■ ■ ■ 5{ak)], with Oj in A°° and where [lo] denotes the 
equivalence class P^{w + K^) for to belonging to ^^{A°^). There is a *-representation 
-Kd+d* ■ ^ ^iT-i-d+d'), given by 'n-d+d*{a){[ao6{ai) ■ ■ ■ 6{ak)]) = [aao6{ai) ■ ■ ■ S{ak)]. 
Then it is easy to see that 

Proposition 1.5.10. {A^ jTCd+d'^d + d*) is a spectral triple. 
1.5.3 Laplacian in Noncommutative geometry 

Now, we discuss the notion of Laplacian in noncommutative geometry as introduced 
in [30]. Let {A^ ,7i,D) be a spectral triple of compact type. To define the Laplacian 
in the noncommutative case ( as in [30] ), we need the following assumptions on the 
spectral triple. 
Assumptions 

1. (.4°°, 7^, D) is a compact type spectral triple. 

2. It is QC°°, that is, .4°° and {[D, a], a G .4°°} are contained in the domains of 
all powers of the derivation •]• 

3. The unbounded densely defined map do from to H\) given by doia) = [D, a] 
for a in .4°°, is closable. 

4. C := —dJjdD has A°° in its domain, and it is left invariant by C 

Under assumption 2., r defined by t[X) = Lim^^o J- _^q2x is a positive trace on 
the C*-subalgebra generated by A'^ and {[D,a] : a G A°°}. 

5. We assume that it is also faithful on this subalgebra. 

Then, C = —d*jydD is defined to be the Laplacian for the spectral triple {A°° ,7i, D). 
It coincides with the Hodge Laplacian —d*d (restricted on space of smooth functions) 
in the classical case, where d denotes the de-Rham differential. 

The linear span of eigenvectors of C, which is a subspace of A°^, is denoted by Aq^, 
and the *-subalgebra of A°° generated by Aq' is denoted by Aq. 
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Quantum isometry groups: 
approach based on Laplacian 

The idea of quantum isometry group of a noncommutative manifold (given by a spec- 
tral triple), which has been defined by Goswami, is motivated by the definition and 
study of quantum permutation groups of finite sets and finite graphs by a number of 
mathematicians (see, e.g. [1], [2], [60], [61] and references therein). 

In this chapter, we first recall the definition of quantum isometry groups as proposed 
in [30] and then compute it for some examples. 

2.1 Formulation of the quantum isometry group 

2.1.1 Chciracterization of isometry group for a compact Riemannian 
manifold 

Let M be a compact Riemannian manifold. Consider the category with objects be- 
ing the pairs (G, a) where G is a compact metrizable group acting on M by the 
smooth and isometric action a. If {Gi,a) and {G2,f3) are two objects in this cate- 
gory, Mor((Gi,a), (G2,/3)) consists of group homomorphisms tt from G\ to G2 such 
that /? o TT = «. Then the isometry group of M is the universal object in this category. 

More generally, the isometry group of a classical compact Riemannian manifold, 
viewed as a compact metrizable space ( forgetting the group structure ) , can be seen to 
be the universal object of a category whose object class consists of subsets ( not generally 
subgroups ) of the set of smooth isometrics of the manifold. Then it can be proved that 
this universal compact set has a canonical group structure. Thus, motivated by the 
ideas of Woronowicz and Soltan ( [53], [68] ), Goswami considered in [30] a bigger 
category with objects as the pair (5, /) where 5 is a compact metrizable space and 
f : S X M ^ M such that the map from M to itself defined by m i-^- f{s,m) is a 
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smooth isometry for all s in S. The morphism set is defined as above ( replacing group 
homomorphisms by continuous set maps ). 

Therefore, to define the quantum isometry group, it is reasonable to consider a 
category of compact quantum groups which act on the manifold (or more generally, 
on a noncommutative manifold given by spectral triple) in a 'nice' way, preserving the 
Riemannian structure in some suitable sense, which is precisely formulated in [30], where 
it is also proven that a universal object in the category of such quantum groups does 
exist if one makes some natural regularity assumptions on the spectral triple. 

2.1.2 The definition and existence of the quantum isometry group 

Let {A°°,TC, D) be a 0-summable spectral triple of compact type. We recall from section 
1.5 the Hilbert spaces of A;-forms "H^, /c = 0, 1,2, ... and also the Laplacian C = —d*j^dD- 

To define the quantum isometry group, we need the following assumptions: 

Assumptions 

1. do closable and A°° C Dom(£) where A°° is viewed as a dense subspace of 

n%. 

2. L has compact resolvents. 

3. C 

4. Each eigenvector of £ ( which has a discrete spectrum, hence a complete set of 
eigenvectors ) belongs to . 

5. ( connectedness assumption ) The kernel of £ is one dimensional, spanned by the 
identity 1 of A^ , viewed as a unit vector in . 

6. The complex linear span of the eigenvectors of £, denoted by A^ is norm dense 

in 

Definition 2.1.1. We say that a spectral triple satisfying the assumptions 1. - 6. 
admissible. 

The following result is contained in Remark 2.16 of [30]. 

Proposition 2.1.2. If an admissible spectral triple {A^ ,TC, D) satisfies the condition 
P|Dom(£'^) = A°^ , and if a : A ^ A S is a smooth isometric action on A°" by a 
CQG S, then for all state (j) on S, (id (l))ce) keeps A"^ invariant. 

In view of the characterization of smooth isometric action on a classical compact 
manifold ( Proposition 1.4.1 and Proposition 1.4.2 in Chapter [T]), Goswami gave the 



following definition in [30]. 

Definition 2.1.3. A quantum family of smooth isometrics of the noncommutative man- 
ifold A°° ( or more precisely on the corresponding spectral triple ) is a pair (5, a) where 
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S is a separable unital C* algebra, a : A ^ A S ( where A denotes the C* alge- 
bra obtained by completing A°° in the norm of B is a unital C* homomorphism, 
satisfying the following: 

a. ^{a(A){l®S) =A®S 

b. 00 = (id(gi0)a maps A'q' into itself and commutes with C on A'q' , for every state 
(j) on S. 

In case, the C* algebra has a coproduct A such that (5, A) is a compact quantum 
group and a is an action o/ (5, A) on A, we say that (5, A) acts smoothly and isomet- 
rically on the noncommutative manifold. 

Notations 

1. We will denote by the category with the object class consisting of all quan- 
tum families of isometries (5, a) of the given noncommutative manifold, and the set of 
morphisms Mor((5, q), (5', a')) being the set of unital C* homomorphisms (j) : S ^ S' 
satisfying (id 0)a = a'. 

2. We will denote by Q'^ the category whose objects are triplets (5, A, a) where 
(5, A) is a CQG acting smoothly and isometrically on the given noncommutative mani- 
fold, with a being the corresponding action. The morphisms are the homomorphisms of 
compact quantum groups which are also morphisms of the underlying quantum families. 

Let {Ai,A2,...} be the set of eigenvalues of £, with Vi being the corresponding ( 
finite dimensional ) eigenspace. We will denote by lAi the Wang algebra Au^di{I) ( 
as introduced in the chapter [T] ) where di is the dimension of the subspace Vi. We 
fix a representation (3i : Vi ^ Vi ® Ui on the Hilbert space V^, given by Pi{eij) = 
X^fc eik®u~k] ~ ^' "^here {e^j} is an orthonormal basis for Vi, and u*^*^ = 
are the generators oilAi. Thus, both n*^*) and are unitaries. The representations jdi 
canonically induce the free product representation 13 = of the free product CQG 
U = *iUi on the Hilbert space TiPj^ such that the restriction of (5 on Vi coincides with (3i 
for all i. 

The following Lemma ( Lemma 2.12 of [30] ) will be needed later and hence we 
record it. 

Lemma 2.1.4. Consider an admissible spectral triple {A°^, TC, D) and let {S,a) be a 
quantum family of smooth isometries of the spectral triple. Moreover, assume that the 
action is faithful in the sense that there is no proper C* subalgebra Si of S such that 
a{A°°) C Si. Then a : A°° ® S ^ A"^ ® S defined by a{a (g) b) = a(a)(l b) 
extends to an S linear unitary on the Hilbert S module Ti^ S, denoted again by a. 
Moreover, we can find a C* isomorphism (p : lA /X ^ S between S and a quotient ofU 
by a C* ideal 1 ofU, such that a = (id (g) 0) o (id ® Hj) o j3 on A'^ C "H^,, where Uj 
denotes the quotient map from U to U/Z. 
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If furthermore, there is a CQG structure on S given by a coproduct A such that a 
is a C* action of a CQG on A, then the map a : A°° A°° ® S extends to a unitary 
representation ( denoted again by a ) of the CQC (5, A) on Ti^. In this case, the ideal 
I is a Woronowicz C* ideal and the C* isomorphism (p : U /I ^ S is a morphism of 
CQC s. 

Using this, the following result has been proved in [30], which defines and gives the 
existence of QISO^ . 

Theorem 2.1.5. For any admissible spectral triple {A°° ,H, D), the category has a 
universal object denoted by {QISO^,ao). Moreover, QISO'~ has a coproduct Aq such 
that {QISO^, Ao) is a CQC and {QISO^ , Aq, oq) is a universal object in the category 
Q^. The action ao is faithful. 

We very briefly outline the main ideas of the proof. The universal object QISO^ is 
constructed as a suitable quotient of Z//. Let J-' be the collection of all those C*-ideals I 
of U such that the composition Tj = (id IIx) o (3 : A^ A^ (^aig f'^) extends to a 
C*-homomorphism from A to Af^i (U/I). Then it can be shown that Iq (= Higj^X ) is 
again a member of J- and (U/Iq, Tjo) is the required universal object. Thus, 

Remark 2.1.6. QISO^ is a quantum subgroup of the CQCIA = *iAu^di{I)- As Au.di{I) 



satisfies = id, ( by Remark 1.2.29 ) the same is satisfied by QISO'-' so that by Remark 



1.2.20 , QISO^ has tracial Haar state. 



Remark 2.1.7. It is proved in [30] that to ensure the existence of QISO'-', the as- 
sumption ) can be replaced by the condition that the action a is t preserving, that 
is, (r id)a(a) = r(a).l. In [30] it was also shown ( Lemma 2.5, b ^ a ) that for 
an isometric group action on a not necessarily connected classical manifold, the volume 
functional is automatically preserved. It can be easily seen that the proof goes verbatim 
for a quantum group action, and consequently we get the existence of QISO'~ for a ( 
not necessarily connected ) compact Riemannian manifold. 

Unitary representation of QISO'-' on a spectral triple 

We shall also need the following result proved in section 2.4 of [30]. 

Proposition 2.1.8. QISO'-' has a unitary representation U = Uc on Tin such that U 



commutes with d + d*. Let 6 be as in subsection 1.5.2. On the Hilbert space of k-forms, 
that is. Ti.^, U is defined by: 

U{[ao5{ar) ■ ■ ■ 5{ak)] ^ q) = [4'^5(aS')) • • • <5(4'^)] (a^'^af ^ • • • )g, 
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where q belongs to QISO'-', a-i belongs to ^[f , and for x in Aq, ( the *-subalgebra 
generated by the eigenvectors of C ) we write in Sweedler notation a{x) = x^^'^ <^ x^^^ G 
Ao ^ {QISO'-')o (a denotes the action of QISO'-'). 



2.2 Computation of QISO^ 

Here we compute QISO'-' for three commutative examples, viz: the sphere, the circle 
and the n tori. In Chapter |4] we will be able to compute it for two noncommutative 



examples, namely Ae and 5^^ by using Theorem 4.4.7 



2.2.1 The commutative spheres 

Let QISO'-' be the quantum isometry group of 5^ and let a be the action of QISO'' 
on C{S'^). Let C be the Laplacian on 5^ defined as 

n d 1 52 



where the cartesian coordinates xi, X2, x^, for 5^ are given by xi = rcosipsinO, X2 = 
rsini/jsind, X3 = rcosO. In the cartesian coordinates, C = Yli=i '§^- 
The eigenspaces of C on are of the form 

^fe = Sp{(ciXi + 02X2 + 03X3)'= : CiGC,i = 1,2,3, ^c2 = 0}, 

where A; > 1. consists of harmonic homogeneous polynomials of degree k on R'^ 
restricted to S'^{ See [33], page 29-30 ). 

We begin with the following lemma, which says that any smooth isometric action 
by a quantum group must be 'linear'. 

Lemma 2.2.1. The action a satisfies a{xi) = Yl^j=i^j ® Qij 'where Qij belongs to 
QISO^,i = 1,2,3. 

Proof : Since q is a smooth isometric action of QISO'-' on C{S'^), a has to preserve 
the eigenspaces of the Laplacian C. In particular, it has to preserve Ei = SpjciXi + 
C2X2 + C3X3 : Cj G C,i = 1,2,3, Yli=iCi=0}. 

Now note that xi + ix2, xi — 1x2 are in E'l, hence xi,X2 are in Ei. Similarly 2:3 
belongs to Ei too. Therefore Ei = Sp{xi, X2, 2:3}, which completes the proof of the 
lemma. □ 



Now, we state and prove the main result of this section, which identifies QISO'-' 
with the commutative C* algebra of continuous functions on the isometry group of 5"^, 
that is 0(3). 
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Theorem 2.2.2. The quantum isometry group QISO'~ is commutative as a C* algebra, 
and hence QISO^ ^ C(0(3)). 

Proof : We begin with the expression 



a 



{,Xi) — ^ ^ Xj ® Qij , % — 1,2,3, 

i=i 



and also note that xi,X2,X3 form a basis of Ei and {x^, x|, xia;2, X1X3, X2X3} is a 
basis of E2 . Since x| = Xj for each i and a is a *-homomorphism, we must have Q*j = Qij 
for ah i,j = 1, 2, 3. Moreover, the condition x^ + x^ + x| = 1 and the fact that a is a 
homomorphism gives: 



Q% + Q% + Q% = i, Vj = 1,2,3. 

Again, the condition that Xi,Xj commute for ah i,j gives 

QijQkj — QkjQij J) ^) 
QikQjl ~l~ QilQjk — QjkQil ~l~ QjlQik' 

Now, it follows from the Lemma 



(2.2.1) 
(2.2.2) 



2.1.4 



that a : C{S^) QISO^ C{S^) QISO^ 
defined by a{X(E)Y) = a{X){l^Y) extends to a unitary of the Hilbert Q/SO^-module 
L?'{S'^) QISO'~ (or in other words, a extends to a unitary representation of QISO'' 
on L^(S'^)). But a keeps V = Sp{xi,X2,X3} invariant. So a is a unitary representation 
of QISO'~ on V, that is Q = {{Qij)) belonging to M'i{QISO'~) is a unitary, hence 
Q~^ = Q* = Q^ , since in this case entries of Q are self-adjoint elements. 

Clearly, the matrix Q is a 3-dimensional unitary representation of QISO'~'. From ( 



4 ) of Proposition 1.2.23 the antipode k on the matrix elements of a finite-dimensional 
unitary representation = {u^^) is given by n{Upq) = (Ugp)*. 
So we obtain 

<Qi3) = Q.V = Ql = Qji- (2-2.3) 



Now from 



2.2.1 



, we have QijQkj = QkjQij- Applying k on this equation and using 

, we have QjkQji = QjiQjk 



the fact that k is an antihomomorphism along with ( 



2.2.3 



Similarly , applying k on ( 2.2.2 ), we get 



QijQki + QkjQii = QiiQkj + QkiQij Vi, j, k, I. 



Interchanging between k and i and also between Z,j gives 



QjiQik + QilQjk = QjkQil + QikQjl Vi, j, k, I. 



(2.2.4) 
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Now, by ( [2X2] ) - ( [irOl ), we have 

[Qik, Qji] = [Qji, Qik], 

hence 

[Qik, Qji] = 0. 

Therefore the entries of the matrix Q commute among themselves. However, by 
faithfulness of the action of QISO'~', it is clear that the C*-subalgebra generated by 
entries of Q (which forms a quantum subgroup of QISO'~' acting on C(5^) isometrically) 
must be the same as QISO'-' , so QISO'-' is commutative. 

So QISO'-' = C{G) for some compact group G acting by isometry on C{S^) and G is 
clearly universal in the category of compact metrizable groups acting on isometrically, 
so that G ^ 0(3). □ 

Remark 2.2.3. Similarly, it can be shown that QISO{S"') is commutative for all n>2. 



2.2.2 The commutative one-torus 

Let C = C{S^) be the C*-algebra of continuous functions on the one-torus S^. Let 
us denote by z and z the identity function (which is the generator of C(5^)) and its 
conjugate respectively. The Laplacian coming from the standard Riemannian metric 
is given by C{z^) = —r?z^^ for n in Z, hence the eigenspace corresponding to the 
eigenvalue —1 is spanned by z and 'z. Thus, the action of a compact quantum group 
acting smoothly and isometrically (and faithfully) on C(S'^) must be linear in the sense 
that its action must map z into an element of the form z<^ A + zf^i B. However, we show 
below that this forces the quantum group to be commutative as a C* algebra, that is it 
must be the function algebra of some compact group . 

Theorem 2.2.4. Let a be a faithful, smooth and linear action of a compact quantum 
group (Q, A) on C{S^) defined by a{z) = z A + z B. Then Q is a commutative C* 
algebra. 

Proof : By the assumption of faithfulness, it is clear that Q is generated (as a unital 
C* algebra) by A and B. Moreover, recall that smoothness in particular means that 
A and B must belong to the algebra Qo spanned by matrix elements of irreducible 
representations of Q . Since zz = zz = 1 and a is a *-homomorphism, we have 
a{z)a{z) = a{z)a{z) = 1 03 1. 

Comparing coefficients of z'^,z'^ and 1 in both hand sides of the relation a{z)a{z) = 
10 1, we get 



AB* = BA* = 0, AA* + BB* = 1. 



(2.2.5) 
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Similarly, a{z)a{z) = 10 1 gives 



B*A = A*B = 0, A*A + B*B = 1. 



(2.2.6) 



Let U = A + B , P = A*A , Q = AA* . Then it follows from ( |2.2.5[ ) and ( |2.2.6[ ) that 
U \s a unitary and P is a projection since P is self adjoint and 



P' 



Moreover 



A*AA*A =A*A{l-B*B) =A*A-A*AB*B = A* A = P. 



UP 



{A + B)A*A = AA*A + BA*A = AA* A 



( since BA* = from ( |2.2.5[ )) 
= A(l-B*B) =A-AB*B = A. 

Thus, A = UP ,B = U-UP = U{1-P) = UP^ , so Q = C*{A,B) = C*{U,P). 
We can rewrite the action a as follows: 



a{z) = z®UP + z® UP^. 

The coproduct A can easily be calculated from the requirement (id A) a = (a Cg) id)Q 
, and it is given by : 



From this, we get 



A(t/P) = UP^UP + P^U-^ UP^, 
A{UP^) = UP^ ®UP + PU~^ UP^. 

A{U) = U (S)UP + U'^ UP^, 
A(P) = A(C/"^)A(C/P) = P®P + UP^U-^ O P^. 



(2.2.7) 
(2.2.8) 

(2.2.9) 
(2.2.10) 



It can be checked that A given by the above expression is coassociative. 
Let h denote the right-invariant Haar state on Q. By the general theory of compact 
quantum groups, h must be faithful on Qq. We have (by right-invariance of h): 



That is, we have 



(id (^h){P®P + UP^U~^ P^) = h{P)l. 



h{P^)UP^U-' = h{P)P^. 



(2.2.11) 
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Since P is a positive element in Qq and h is faithful on Qq, h{P) = if and only if 
P = 0. Similarly , h{P^) = 0, that is h{P) = 1, if and only if P = 1. However, if P 
is either or 1, clearly Q = C*(U,P) = C*{U), which is commutative. On the other 
hand, if we assume that P is not a trivial projection, then h{P) is strictly between 
and 1 , and we have from ( |2.2.11 ) 

UP^U-' = P^. 
1 - h{P) 

Since both UP-^U~^ and P-^ are nontrivial projections, they can be scalar multiples 
of each other if and only if they are equal, so we conclude that UP^U~^ = P"*", that is 
U commutes with P"*", hence with P, and Q is commutative. □ 



2.2.3 The commutative n-tori 

Consider C(T"') as the universal commutative C* algebra generated by n commut- 
ing unitaries Ui,U2, Un- It is clear that the set {Ul^Uj' : m,n £ Z} is an 

ortho normal basis for L^(C(T"), tq), where tq denotes the unique faithful normal- 
ized trace on C{T^) given by, ro(X^ amnJ/^C/") = ooo which is just the integration 
against the Haar measure. We shall denote by {A,B) = tq(A*B) the inner prod- 
uct on Tio := {C (T'') , tq) . Let C(T")'^'' be the unital *-subalgebra generated by 
finite complex linear combinations of V^V^, m,n £ Z. The Laplacian C is given by 
£(C/f' t/;^") = -{ml + ...m2)C/fi [/™", and it is also easy to see that the al- 
gebraic span of eigenvectors of £ is nothing but the space C(T")*'°, and moreover, all 



the assumptions 1. - 6. in subsection 2.1.2 required for defining the quantum isometry 
group are satisfied. 

Let QISO'-' be the quantum isometry group coming from the above Laplacian, with 
the smooth isometric action of QISO^ on C(T") given by a : C(T") ^ C(T")0Q/S'O^. 
By definition, a must keep invariant the eigenspace of C corresponding to the eigenvalue 
— 1, spanned by Ui, Un, , , U~^. Thus, the action a is given by: 

n n 

i=i i=i 

where Aij,Bij are in QISO'~', i,j = l,2....n. By faithfulness of the action of quantum 
isometry group, the norm-closure of the unital *-algebra generated by {Aij, Bij : i,j = 
1, 2, ....n} must be the whole of QISO'-'. 

Next we derive a number of conditions on Aij,Bij,i, j = 1,2, ...n using the fact that 
a is a * homomorphism. 
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Lemma 2.2.5. The condition U*U = 1 = UU* gives: 



(2.2.12) 



AijBik + A*i.Bij 



Vi / k, 
Vi / k, 
0, 

Y,{AijA*^ + B,jB*^) = l, 



AijBij 



fl* A - ■ 



AikB*j + AijB*f, 



Vi / A;, 



+ i?i,.4*, = Vi / k, 



A. U* — n. . A* 



0. 



(2.2.13) 
(2.2.14) 
(2.2.15) 
(2.2.16) 

(2.2.17) 
(2.2.18) 
(2.2.19) 



Proof : We get ( 



2.2.12 



2.2.15 



by using the condition U^Ui = 1 along with the 



fact that a is a homomorphism and then comparing the coefficients of l,UjUk,Uj ^Uf^^ , 
iiorj^k), U-\U^\ 



Similarly the condition UiU* = 1 gives ( 2.2.16 ) - ( 2.2.19 ) 



□ 



Now, for all i ^ j, U*Uj, UiU* and UUj belong to the eigenspace of the Laplacian 
with eigenvalue —2, while C/|, C/^^ belong to the eigenspace corresponding to the eigen- 
value —4. As a preserves the eigenspaces of the Laplacian, the coefficients of U^, U^"^ 
are zero for all k in a{UlUj), a{UiU*), a{UiUj) for all i / j. 

We use this observation in the next lemma. 

Lemma 2.2.6. For all k and for all i / j, 



2.2.20 



Proof : The equation ( 
in a{U*Uj) while ( |2.2.21| ) and ( 
a{UiU*) and a{UiUj) respectively. 

Now, by Lemma 



(2.2.20) 
(2.2.21) 
(2.2.22) 



is obtained from the coefficients of C/| and U^. ^ 
are obtained from the same coefficients in 





'Ajk 


= AikBjk 


= 


Au 


zBjk 


= BikA*j. 


= 


Au 


zAjk 


= BikBjk 


= 



2.2.22 



□ 



2.1.4 



it follows that a : C(T") ® QISO^ C(T") ® QISO^ 
defined by a{X0Y) = a{X){l0Y) extends to a unitary of the Hilbert QlSO^-module 
L^(C(T"),r) QISO''' ( or in other words, a extends to a unitary representation of 
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QISO^ on L2(C(T"),r)). But a keeps W = Sp{Ui,U* : 1 < i < n} invariant. So a is 
a unitary representation of QISO'~' on W. Hence, the matrix ( say M ) corresponding 
to the 2n dimensional representation of QISO'~ on is a unitary in M2„(Q/50^). 



B*. 



From the definition of the action it follows that M 

Since M is the matrix corresponding to a finite dimensional unitary representation, 
using ( 4 ) of Proposition 



1.2.23 



we have {k{Mki)) 



A* R* 
R ■ A ■■ 



{ K is the antipode 



of g/50^ ). 

Now we apply the antipode k to get some more relations. 

Lemma 2.2.7. : 

For all k and i / j, 



A-kjAXi — BkjBki — A^jB'^j^ — Bj^jAi^i — Bj^jA^j^ — Aj^jBj^i — 0. 



(2.2.23) 



Proof : The result follows by applying k on the equations AikAjk = Bi^Bj^ 
Bik^jk 



A*B 



AikB 



ik^jk 



BikA 



jk 



obtained from Lemma 



2.2.6 



□ 



Lemma 2.2.8. : 

An is a normal partial isometry for all l,i and hence has same domain and range. 



Proof : From the relation ( 2.2.12 ) in Lemma 2.2.5, we have by applying k, 
Yli^A*^Aji + BjiBjj) = 1. Applying An on the right of this equation, we have 
A^AuAu + T.j^i{A*^A,,Ai, + BuB^Au) + Y.j^i Bj^B*,Au = Au- 
From Lemma 



2.2.6 



we have AjiAn = and Bj-An = for all j ^ I. Moreover, from 
Lemma 12.2.51 we have B^-An = 0. Applying these to the above equation, we have 



A*i,AiiAH 



A 



li- 



(2.2.24) 



2.2.5 



applying k 



Again, from the relation Y2jiAijA*j + BijB*-) = 1 for all i in Lemma 
and multiplying by A^ on the right, we have AuA^A^ + Y^-.^^ Aj.A^^A^ + B^BuA^ + 
BjiBjiA*. = A*.. From Lemma 



2.2.6 



A*^A*^ = ) and B,,A*^ 
we have 



we have AuAji = for all j ^ I { hence 
0. Moreover, we have BnA'^- = from Lemma 



2.2.5 



Hence, 



From (2.2.24), we have 



{AUH)iAuAl 



A* 



An A 



li^ii- 



(2.2.25) 



(2.2.26) 
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By taking * on (2.2.25), we have 



AuAuA^i = A 



li- 



(2.2.27) 



Using this in (2.2.26), we have 



AuA^^Aii = AuAl, 



(2.2.28) 



2.2.24 



AiiA*^Aii. 



and hence An is normal. 

So, Au = AlAuAii ( from ( 
Therefore, An is a partial isometry which is normal and hence has same domain and 
range. □ 

Lemma 2.2.9. : 

Bii is a normal partial isometry and hence has same domain and range. 



Proof : First we note that Aji is a normal partial isometry and AjiBi 
all j ^ I { obtained from Lemma 



for 



2.2.6 



) implies that Ran(A^-) C Ker(i?;*) and hence 
Ran(Ajj) C Ker(i3^*) which means B^^Aji = for all j ^ I. 

To obtain Bi-BuBn = Bn, we apply k and multiply by Bu on the right of ( 2.2.16 
) and then use A'^-Bn = from Lemma 2.2.5 AjiBn = for all j ^ I { from Lemma 



2.2.6 which implies B^^Aji = for all j I as above ) and BjiBu = for all j ^ I from 
Lemma 12.2.61 . 

Similarly, we have BiiB*^B*- = B*- by applying k and multiplying by B*^ on the right 



of ( 



2.2.12 



obtained from Lemma 



2.2.5 



and then use AnB^- = ( Lemma 



2.2.5 



BliA*- = for all j ^ I and BuBji = for all j ^ I { Lemma 

Using BI-BuBii = Bu and 5,^5*5* 
normal partial isometry. 



2.2.6 



B^- as in Lemma 2.2.8[ we have Bu is a 

□ 



Now, we use the condition a{Ui)a{Uj) = a{Uj)a{Ui) for all i,j. 



Lemma 2.2.10. 

For all k ^ I, 



AikAji + AiiAj}^ — AjiAik + AjkAii, 
AikBji + BiiAjk = BjiAik + AjkBii, 
BikAji + AiiBjk = AjiBik + BjkAii, 
BikBji + BiiBjk = BjiBik + BjkBii. 



(2.2.29) 
(2.2.30) 
(2.2.31) 
(2.2.32) 



Proof : The result follows by equating the coefficients of UkUi,UkUi ^,Uf^^Ui and 
U^^Uf^ ( where k ^ I ) in a{Ui)a{Uj) = a{Uj)a{Ui) for all i,j. 



63 



Computation of QISO'~' 



□ 



Lemma 2.2.11. ; 

AkBji = BjiAik for all j,k ^l. 



Proof : From Lemma 2.2.10 , we have for all k I, Ai^Bji — BjiAi^ = AjkBu — BuAjk- 
We consider the case where i ^ j. 

We have, Ran{AikBji - BjiAik) C Ran(Aifc) + Ran{Bji) C Ran(S*;5j7 + A*j^Aik) ( 



using the facts that Aik and Bji are normal partial isometrics by Lemma 2.2.8 and 2.2.9 
and also that B*^Bji and A*j^Aik are projections ). 

Similarly, Ran{AjkBu - BuAjk) ^ Ran{B*Bii + A*,^Ajk). 

Let 

Ti = AikBji — BjiAik, 



(2.2.33) 
(2.2.34) 
(2.2.35) 
(2.2.36) 



T2 = AjkBii — BiiAjk, 

T3 = B*iBji + A*^Aik, 

= B*iBii + A*i^Ajk. 

Hence, Ti = T2,RanTi C RanTs ,RanT2 C Ranr4. 
We claim that T4T3 = 0. 
Then Ran(r3) C Ker(T4). 

But RanTi C RanTs wih imply that RanTi C KerT4. Hence, Ran(r2) C Ker(r4) = 
Ran(r|)"^ = Ran(T4)"^ But Ran(r2) C Ran(r4) which implies that Ran(r2) = and 
hence both T2 and Ti are zero. Thus, the proof of the lemma will be complete if we can 
prove the claim. 

= {BlBu + A*^A,k){BlB,i + A*^A,k) (2.2.37) 



B*iiBiiB*iBji + B*iBiiA*f,Aik + A*f.AjkB*iBji + A*f.AjkA*f.Aik. 



(2.2.38) 



From Lemma 



2.2.6 



we have for all i / j, BuBji = implying BiiB*^ = as Bji is a 



normal partial isometry. 



0. Then Ai/^ is a normal partial 



Again, from Lemma 2.2.7 for all k 7^ l,BiiAif^ 
isometry implies that BnA*^ = for all /c 7^ /. 

Similarly, by taking adjoint of the relation BjiA*^, = for all k ^ I obtained from 
Lemma |2.2.7 we have AjkB*^ = 0. 

for all i 7^ j. Ai^ is a normal partial isometry 



From Lemma 2.2.6 we have ^j^Aj^ 
impHes that Aj^A*^ = for all i / j. 

Using these, we note that TiJI'^^ = which proves the claim and hence the lemma. □ 



Lemma 2.2.12. 
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(2.2.39) 
(2.2.40) 



for all i ^ j and for all k. 



Proof : By Lemma 2.2.6 we have AikBjk = and BjkA*j^ = for all i ^ j. The 
second relation along with the fact that Aik is a normal partial isometry implies that 
BjkAik = for ah i / j. 

Thus, AikBjk = = BjkAik for all i ^ j. 

Applying n on the above equation and using Bkj and Aki are normal partial isome- 
tries, we have A^iB^j = = BkjAki- 

□ 



Lemma 2.2.13. .- Ai^Bik 



BikAik for all i, k. 



Proof : We have A*,B., 







B^jAij from Lemma 



2.2.5 



Bij and Aij are normal partial isometry we have A*-B, 



Using the fact that 
= B*-A*- and hence 

*J ''J 

□ 



Lemma 2.2.14. : 

AikAji = AjiAik for all j,k^l. 



Proof : Using ( 2.2.29 ) in Lemma 2.2.10[ we proceed as in Lemma 2.2.11| to get 

Ran{AikAji-AjiAik) C Ran(^j7^*,+^ifcA*^) anARaniAjkAa- AuAjk) C Ran(Ai,A* + 



-^jk-A*jk) 



We claim that {AikA*^^ + AjiA*){AjkA% + AaA^) = 



Then by the same reasonings as given in Lemma 2.2 Al we will have : Aj^An = 

-^il-Ajk- 

which implies 



To prove the claim, we use Ai^Ajk = for all i ^ j from Lemma 



2.2.6 



A^jk^ik = for all i ^ j as Aik is a normal partial isometry 



4* A* 



from Lemma 



2.2.7 



( which implies A*iAik 
isometry ) and AnAji = for all i ^ j from Lemma 
all i 7^ j as A*i^ is a normal partial isometry ) . 



for all / / 
for all A; 7^ / as Aik is a normal partial 
( which implies A*iAii 



2.2.6 



for 



□ 



Lemma 2.2.15. : 



AikAii = AiiAik for all k ^ I, 
Ak^jk = AjkAikiov all i / j. 



(2.2.41) 
(2.2.42) 
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Proof : From Lemma 2.2.6, we have A^iAn = for all /c 7^ L 

Applying k and taking adjoint, we have AikAu = for all k ^ I. Interchanging k 
and /, we get AnAik = for all k ^ I. Hence, Ai^An = AuAik for all k ^ I. 

From Lemma 2.2.6 we have An^Ajk = for all i 7^ j. Interchanging i and j, we have 
AjkAik = for all iy^ j. □ 



Remark 2.2.16. Proceeding in an exactly similar way, we have that Bij's commute 
among themselves. 

Theorem 2.2.17. The Quantum isometry group of C(T") is commutative as a C* 
algebra and hence coincides with the classical isometry group C(T" ><l(Z2 XiSn))- 



Proof : Follows from the results in lemma 2.2.11 - 2.2.15 and the remark following 
them. □ 
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Chapter 3 



Quantum group of orientation 
preserving Riemannian isometries 

3.1 Introduction 

The formulation of quantum isometry groups in [30] had a major drawback from the 
viewpoint of noncommutative geometry since it needed a 'good' Laplacian to exist. In 
noncommutative geometry it is not always easy to verify such an assumption about the 
Laplacian, and thus it would be more appropriate to have a formulation in terms of the 
Dirac operator directly. This is what we aim to achieve in the present chapter. 

The group of Riemannian isometries of a compact Riemannian manifold M can 
be viewed as the universal object in the category of all compact metrizable groups 
acting on M, with smooth and isometric action. Moreover, let us assume that the 
manifold has a spin structure (hence in particular orientable, so we can fix a choice of 
orientation) and D denotes the conventional Dirac operator acting as an unbounded 
self-adjoint operator on the Hilbert space H of square integrable spinors. Then, it can 
be proved that a group action on the manifold lifts as a unitary representation on the 
Hilbert space Ti which commutes with D if and only if the action on the manifold is an 
orientation preserving isometric action. Therefore, to define the quantum analogue of 
the group of orientation-preserving Riemannian isometries of a possibly noncommutative 
manifold given by a spectral triple [A^ ,7i^ D), it is reasonable to consider a category 
Q' of compact quantum groups having unitary (co-) representation, say [/, on H, which 
commutes with D, and the action on B{H) obtained by conjugation maps into its 
weak closure. A universal object in this category, if it exists, should define the 'quantum 
group of orientation preserving Riemannian isometries' of the underlying spectral triple. 
It is easy to see that any object (<S, U) of the category Q' gives an equivariant spectral 
triple (^°°,7^,-D) with respect to the action of S implemented by U. It may be noted 
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that recently there has been a lot of interest and work (see, for example, [13], [18], [23]) 
towards construction of quantum group equivariant spectral triples. In all these works, 
given a C*-subalgebra A of B{7i) and a CQG Q having a unitary representation U onH 
such that au{= adf/) gives an action of Q on A, the authors investigate the possibility 
of constructing a (nontrivial) spectral triple {A°°,H,D) on a suitable dense subalgebra 
A°° of A such that U commutes with D (g) 7, that is, D is equivariant. Our interest here 
is in the (sort of) converse direction: given a spectral triple, we want to consider all 
possible CQG representations with respect to which the spectral triple is equivariant; 
and if there exists a universal object in the corresponding category, that is, Q', we 
should call it the quantum group of orientation preserving isometries. 

Unfortunately, even in the finite-dimensional (but with noncommutative A) situation 
this category may often fail to have a universal object, as will be discussed later. It 
turns out, however, that if we fix a suitable densely defined ( in the WOT ) functional 
on B{H) (to be interpreted as the choice of a 'volume form') then there exists a universal 
object in the subcategory of Q' obtained by restricting the object-class to the quantum 
group actions which also preserve the given functional. The subtle point to note here is 
that unlike the classical group actions on B{H) which always preserve the usual trace, 
a quantum group action may not do so. In fact, it was proved by Goswami in [31] that 
given an object (Q, U) of Q' (where Q is a compact quantum group and U denotes its 
unitary co- representation on TC), we can find a positive invertible operator i? in H so 
that the given spectral triple is i?-twisted in the sense of [31] and the corresponding 
functional tr (which typically differs from the usual trace of B{7i) and can have a 
nontrivial modularity) is preserved by the action of Q. This makes it quite natural to 
work in the setting of twisted spectral data (as defined in [31]). 

Motivated by the ideas of Woronowicz and Soltan ( [68] , [53] ) , we actually consider a 
bigger category called the category of 'quantum families of smooth orientation preserving 
Riemannian isometries'. The underlying C*-algebra of the quantum group of orientation 
preserving isometries (whenever exists) has been identified with the universal object in 
this bigger category and moreover, it is shown to be equipped with a canonical coproduct 
making it into a compact quantum group. 

In this chapter, we discuss a number of examples, covering the classical spectral triple 
on C°°(T2) as well as the equivariant spectral triples constructed recently on SUi^i{2). It 
may be relevant to point out here that it was not clear whether one could accommodate 
the spectral triples on SU^{2) and the Podles' spheres S"^ ,, in the framework of [30], 
since it is very difficult to give a nice description of the space of 'noncommutative' forms 
and the Laplacian for these examples. However, the present formulation in terms of the 
Dirac operator makes it easy to accommodate them, and we have been able to identify 
Un{2) and 50^(3) as the universal quantum group of orientation preserving isometries 
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for the spectral triples on SU^{2) and 5^^^ respectively (the computations for S^^ have 
been presented in Chapter [5]) . 

We conclude this section with an important remark about the use of the phrase 



'orientation -preserving' in our terminology. We recall from Remark 1.5.5 that by a 
'classical spectral triple' we always mean the spectral triple obtained by the Dirac op- 
erator on the spinors. This is absolutely crucial in view of the fact that the Hodge 
Dirac operator d + d* on the L^-space of differential forms also gives a spectral triple 
of compact type on any compact Riemannian (not necessarily with a spin structure) 
manifold M, but the action of the full isometry group ISO{M) (and not just the sub- 
group of orientation preserving isometries ISO^{M), even when M is orientable) lifts 
to a canonical unitary representation on this space commuting with d + d*. In fact, the 
category of groups acting on M such that the action comes from a unitary representa- 
tion commuting with d + d*, has ISO{M), and not ISO~^{M), as its universal object. 
So, one must stick to the Dirac operator on spinors to obtain the group of orientation 
preserving isometries in the usual geometric sense. This also has a natural quantum 



generalization, as we shall see in section 3.3 



3.2 Definition and existence of the quantum group of 
orientation-preserving isometries 

3.2.1 The classical case 

We first discuss the classical situation clearly, which will serve as a motivation for our 
quantum formulation. 

We begin with a few basic facts about topologizing the space C°° (M, A^) where M, N 
are smooth manifolds. Let 0, be an open set of M". We endow C°°(r2) with the usual 
Frechet topology coming from uniform convergence (over compact subsets) of partial 
derivatives of all orders. The space C°°(i7) is complete with respect to this topology, 
so is a Polish space in particular. Moreover, by the Sobolev imbedding theorem ( 
Corollary 1.21, [48] ), nk>oHk{^) = C°°(0) as a set, where Hk{Q.) denotes the k- 
th Sobolev space. Thus, C°°(0) has also the Hilbertian seminorms coming from the 
Sobolev spaces, hence the corresponding Frechet topology. We claim that these two 
topologies on C°°{0,) coincide. Indeed, the inclusion map from C°°{0,) into DkHki^O,), 
is continuous and surjective, so by the open mapping theorem for Frechet space, the 
inverse is also continuous, proving our claim. 

Given two second countable smooth manifolds M, N, we shall equip C°°(M, A^) with 
the weakest locally convex topology making C°°(M, N) 9 i— > / o g C°°(M) Frechet 
continuous for every / in C°^{N). 
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For topological or smooth fibre or principal bundles E, F over a second countable 
smooth manifold M, we shall denote by Hom(£', F) the set of bundle morphisms from 
E to F. We remark that the total space of a locally trivial topological bundle such that 
the base and the fibre spaces are locally compact HausdorfF second countable must itself 
be so, hence in particular Polish ( that is, a complete separable metric space ). 

In particular, if E, F are locally trivial principal G-bundles over a common base, such 
that the (common) base as well as structure group G are locally compact HausdorfF and 
second countable, then Hom(£', F) is a Polish space. 



We need a standard fact, stated below as Lemma 3.2.2, about the measurable lift of 
Polish space valued functions. 

Before that, we introduce some notions. 

A multifunction G : X ^ y is a map with domain X and whose values are nonempty 
subsets of Y. For ^ C y, we put G-^{A) = {x e X : G{x) n A / 0}. 

A selection of a multifunction G : X ^ Y is a point map s : X ^ Y such that s(x) 
belongs to G{x) for all x in X. Now let y be a Polish space and ax a cj-algebra on X. 
A multifunction G : X ^ Y is called ax measurable if G~^{U) belongs to ax for every 
open set U in Y. 

The following well known selection theorem is Theorem 5.2.1 of [55] and was proved 
by Kuratowski and Ryll-Nardzewski. 

Proposition 3.2.1. Let ax he a a algebra on X and Y a Polish space. Then, every ax 
measurable, closed valued multifunction F : X ^ Y admits a ax measurable selection. 

A trivial consequence of this result is the following: 

Lemma 3.2.2. Let M be a compact metrizable space, B,B Polish spaces such that 
there is an n-covering map A : B ^ B. Then any continuous map ^ : M ^ B admits 
a lifting ^ : M ^ B which is Borel measurable and A o ^ = ^. In particular, if B and B 
are topological bundles over M , with A being a bundle map, any continuous section of 
B admits a lifting which is a measurable section of B. 

We shall now give an operator-theoretic characterization of the classical group of 
orientation-preserving Riemannian isometries, which will be the motivation of our def- 
inition of its quantum counterpart. Let M be a compact Riemannian n dimensional 
spin manifold, with a fixed choice of orientation. We recall the notations as in subsec- 
tion |1.4.3[ In particular, the spinor bundle S is the associated bundle of a principal 
S'pm(n)-bundle, say P, on M which has a canonical 2-covering bundle-map A from 
P to the frame-bundle F (which is an S'0(n)-principal bundle), such that locally A 
is of the form (id^ ® A) where A is the two covering map from Spin{n) to SO{n). 
Moreover, the spinor space will be denoted by A„. Let / be a smooth orientation pre- 
serving Riemannian isometry of M, and consider the bundles E = Hom(F, f*{F)) and 
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E = Hom(P, /*(P)) (where Horn denotes the set of bundle maps). We view df as a 



section of the bundle E in the natural way. By the Lemma 3.2.2| we obtain a measurable 
lift df : M ^ E, which is a measurable section of E. Using this, we define a map on 
the space of measurable section of 5 = P x spin{n) as follows: given a (measurable) 
section ^ of S, say of the form S,{m) = [p{m),v], with p(m) in Pm,v in A„, we define 
by {U^){m) = [df{f^'^{m)){p{f^^{m))),v\. Note that sections of the above form 
constitute a total subset in L'^{S), and the map ^ ^ is clearly a densely defined 
linear map on L'^{S), whose fibre- wise action is unitary since the Spin{n) action is so 
on A„. Thus it extends to a unitary U on 7i = L'^{S). Any such U, induced by the 
map /, will be denoted by Uf ( it is not unique since the choice of the lifting used in 
its construction is not unique ). 

Theorem 3.2.3. Let M be a compact Riemannian spin manifold (hence orientahle , 
and fix a choice of orientation) with the usual Dirac operator D acting as an unbounded 
self-adjoint operator on the Hilbert space TC of the square integrable spinors, and let S 
denote the spinor bundle, with T{S) being the C°°{M) module of smooth sections of 
S. Let f : M ^ M be a smooth one-to-one map which is a Riemannian orientation 
preserving isometry. Then the unitary Uj onTC commutes with D and UfM^UJ = M^^f, 
for any (j) in C{M), where denotes the operator of multiplication by (j) on L'^{S). 
Moreover, when the dimension of M is even, Uf commutes with the canonical grading 
7 on L2(5). 

Conversely, suppose that U is a unitary on TC such that UD = DU and the map 
au{X) = UXU-^ for X in BiTi) maps A = C{M) into L'^iM) = A", then there 
is a smooth one-to-one orientation-preserving Riemannian isometry f on M such that 
U = Uf. We have the same result in the even case, if we assume furthermore that 
U-f = -fU. 

Proof: From the construction of Uf, it is clear that UfM^Uj^ = M^o/- Moreover, 
since the Dirac operator D commutes with the 5pin(n)-action on S, we have UfD = 
DUf on each fibre, hence on L^{S). In the even dimensional case, it is easy to see that 
the Spin{n) action commutes with 7 ( the grading operator ), hence Uf does so. 

For the converse, first note that au is a unital *-homomorphism on L°°(M, dvol) 
and thus must be of the form ^ ^ ip o f for some measurable /. We claim that 
/ must be smooth. Fix any smooth g on M and consider <j) = g o f . We have to 
argue that (j) is smooth. Let 6d denote the generator of the strongly continuous one- 
parameter group of automorphism l3t{X) = e**^Xe^**^ on BiTi) (with respect to the 
weak operator topology, say). From the assumption that D and U commute it is clear 
that au maps V := nn>i Dom(5J) into itself and since C°^{M) C V, we conclude that 
au{M^) = M^og belongs to D. We claim that this implies the smoothness of (p. Let m 
belongs to M and choose a local chart {V, tp) at m, with the coordinates (xi, ...,Xn), such 
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that 0, = ^l^(y) C M" has compact closure, S\v is trivial and D has the local expression 
D = i X]j=i ^(^i)^j) where Vj = V _a_ denotes the covariant derivative (with respect to 

the canonical Levi Civita connection) operator along the vector field on L^(r2) and 
fi{v) denotes the Clifford multiplication by a vector v. Now, (j)o g L°°{Q) C L^(r2) 
and it is easy to observe from the above local structure of D that [D, M^] has the local 
expression ^ ■ iM a . ® /"(ej)- Thus, the fact G V\n>i Dom(52)) implies (j) ° ''P'^ is 

^ dxj ^ — 

in I)om{dj^...djJ for every integer tuples (ji, jfc), ji G {1, where := gfr. In 

other words, (p ° is in H^{^) for all A; > 1, where H^{Q) denotes the fc-th Sobolev 
space on O (see [48]). By Sobolev's Theorem (see, for example. [48], Corollary 1.21, page 
24) it follows that o ^/>-i is in C°°(0). 

We note that / is one-to-one as i;^> ^ i?i> o / is an automorphism of L°°. Now, we shall 
show that / is an isometry of the metric space (M, d), where d is the metric coming 



from the Riemannian structure, and we have the explicit formula ( 1.4.1 

d{p,q) = sup<^gc-(M),|l[D,Ay||<il'A(p) - <P{q)\- 

Since U commutes with D, we have || [L>, M^o/] || = ||[D, ?7M<^[/*] || = \\U[D,M^]U*\\ = 
\\[D,M^\\ for every 0, from which it follows that d{f{p),f{q)) = d{p,q). Finally, / is 
orientation preserving if and only if the volume form (say lo), which defines the choice 
of orientation, is preserved by the natural action of df, that is, {df A .... A df){uj) = lo. 
This will follow from the explicit description of lo in terms of D, given by (see [65] Page 
26, also see [20] ) 

Lo{cpQd(t)i...dcpn) = T(eM<^jL»,M^J...[D,M^J), 

where (/>o, belong to C°°[M), e = 1 in the odd case and e = 7 ( the 
grading operator ) in the even case and r denotes the vol ume in tegral. In fact, 
'^^^ -tD^)"* ( '^here Lim is as in subsection 1.5.2 ), which implies 
t{UXU*) = t(X) for all X in BiTL) (using the fact that D and 



1.5.2 

U commute). Thus, 



U){4>Q o / d{(j)i of)... d{(j)n o /)) 
T{eUM^,U*U[D, M^,]U*...U[D, A/^J[/*) 
= r{UeM^,[D,M^,]...[D,M^jU*) 
= T{eM^,[D,M^,]...[D,M^J) 

= L0{(j)Qd(t)l...d(l)n)- 

□ 
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Now we turn to the case of a family of maps. We are ready to state and prove the 
operator-theoretic characterization of 'set of orientation-preserving isometries'. 

Theorem 3.2.4. Let X be a compact metrizahle space and : X x M ^ M is a map 
such that ipx defined by ipx{rn) = m) is a smooth orientation preserving Riemannian 
isometry and x ipx ^ C°^{M,M) is continuous with respect to the locally convex 
topology of C°°{M,M) mentioned before. 

Then there exists a ( C{X)-linear ) unitary on the Hilbert C{X)-module TC 



C{X) (where TC = L {S) as in Theorem 3.2.3) such that for all x belonging to X, U- 



{id® eVx)U^ is a unitary of the form U^^ on the Hilbert space TC commuting with D 
and UxMfjyllx^ = M^^^-i. If in addition, the manifold is even dimensional, then U^^ 
commutes with the grading operator 7. 

Conversely, if there exists a C{X) -linear unitary U on TC ® C{X) such that Ux '■= 
(id (8) eVx){U) is a unitary commuting with D for all x, ( and Ux commutes with the 
grading operator^ if the manifold is even dimensional ) and {id <^ eVx)au{L°°(M)) C 
L°°(M) for all x in X, then there exists a map ip : XxM ^ M satisfying the conditions 
mentioned above such that U = U^. 

Proof: Consider the bundles F = X x F and P = X x P over X x M, with fibres 
at (x, m) isomorphic with Fm and Pm respectively, and where F and P are respectively 
the bundles of orthonormal frames and the Spin( n ) bundle discussed before. Moreover, 
denote by ^ the map from X x M to itself given by (x,m) 1— > (x,'0(x,m)). Let ttx '■ 
Hom(F, — > X be the obvious map obtained by composing the projection map 
of the X X M bundle with the projection from X x M to X, and let us denote by B 
the closed subset of the Polish space C(X, Hom(F, ^*(F))) consisting of those / such 
that for all x, nxifix)) = x. Define i? in a similar way replacing F by P. The covering 
map from P to F induces a covering map from B to B as well. Let : M — > i? be 
the map given by d'^{m){x) = d'^[x,m) = dil)x\m- Then by Lemma 



3.2.2 



there exists a 



measurable lift of d^, say d!^ from M into B. Since d'^{x,m) G Hom(Fm, ^^(3, „i)), it is 
clear that the lift d'^[x, m) will be an element of Hom(Pm5 Pip{x,m))- 

We can identify TC C{X) with C{X TC), and since TC has a total set T (say) 
consisting of sections of the form [p(-), t;], where p : M ^ P is a measurable section of P 
and V belongs to A^, we have a total set oiTC®C{X) consisting of valued continuous 
functions from X. Any such function can be written as [S, v] with : X x M ^ P, 
V G A„, and H(rc, m) G Pm, and we define U on ^ by v] = [0, v], where 

Q{x,m) = d'^{x,ipx^{m)){E{x,'ipx^{m))). 

It is clear from the construction of the lift that U is indeed a C(X)-linear isometry 
which maps the total set onto itself, so extends to a unitary on the whole oiTC<SiC{X) 



Chapter 3: Quantum group of orientation preserving Riemannian isometries 



74 



with the desired properties. 

Conversely, given U as in the statement of the converse part of the theorem, we 



observe that for each x in X, by Theorem 3.2.3 (id eVx)U = U^.^ for some such 



that ipx is a smooth orientation preserving Riemannian isometry. This defines the map 
ip by setting ip{x,m) = ipxin^)- The proof wih be complete if we can show that x i— > 
ipx S C°°(M, M) is continuous, which is equivalent to showing that whenever Xn ^ x 
in the topology of X, we must have (potpx^ — > <p°ipx in the Frechet topology of C°°{M), 



for any (p £ C°^{M). However, by Lemma 1.1.8 we have (id eVxn)au{[D, M^]) 



{id eVx)ai/{[D, M^]) in the strong operator topology where au{X) = UXU ^. Since 
U commutes with D, this implies 

{ld<g)eVxJ[D(g)id, au^M^)] ^ {id (g) eVx)[D (g) id, aj/(M<^)], 

that is, for all ^ in L'^{S), 

By choosing (p with support in a local trivializing coordinate neighborhood for S, 



and then using the local expression of D used in the proof of Theorem 3.2.3 we conclude 

^2 H I 

that dk{(p o il^xn) ~^ dk{4> o ipx) (where is as in the proof of Theorem 3.2.3 ). Similarly, 

by taking repeated commutators with D, we can show the convergence with d^. 

replaced by dk^...dk^ for any finite tuple (/ci, km). In other words, (j) o tpx„ 4> oipx 

in the topology of C°^{M) described before. □ 



3.2.2 Quantum group of orientation-preserving isometries of an R- 
twisted spectral triple 

In view of the characterization of orientation-preserving isometric action on a classical 



manifold ( Theorem 3.2.4 ), we give the following definitions. 



Definition 3.2.5. A quantum family of orientation preserving isometries for the ( 
odd, compact type ) spectral triple {A°° ,TC, D) is given by a pair {S,U) where S is a 
separable unital C* -algebra and U is a linear map from TC toTCfgS such that U given by 
U{^(gb) = U{^){l(gh) ( ^ inH, b in S ) extends to a unitary element of M.{K{7{) ® S) 
satisfying the following: 

(i) for every state (j) on S we have U^D = DU^, where [/^ := (id ® (j)){U); 

(a) (id fg (p) o au{a) G {A°°)" for all a in A°° and state (j) on S, where au{x) : = 
U{x®l)U* for X belonging to B{H). 

In case the C* -algebra S has a coproduct A such that (5, A) is a compact quantum 
group and U is a unitary representation of {S, A) on TC, we say that {S, A) acts by 
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orientation-preserving isonietries on the spectral triple. 

In case the spectral triple is even with the grading operator 7, a quantum family of 
orientation preserving isometrics (^°°, L>, 7) will be defined exactly as above, with 
the only extra condition being that U commutes with 7. 

From now on, we will mostly consider odd spectral triples. However let us remark 
that in the even case, all the definitions and results obtained by us will go through with 
some obvious modifications. We also remark that all our spectral triples are of compact 
type. 

Consider the category Q = Q{A^ ,Ti., D) = Q{D) with the object-class consist- 
ing of all quantum families of orientation preserving isometries (5, U) of the given 
spectral triple, and the set of morphisms Moi{{S,U), {S' ,U')) being the set of unital 
C*-homomorphisms ^ : S ^ S' satisfying (id (8) ^){U) = U' . We also consider an- 
other category Q' = Q'{A°^ ,Ti., D) = Q'{D) whose objects are triplets (5, A, U), where 
(5, A) is a compact quantum group acting by orientation preserving isometries on the 
given spectral triple, with U being the corresponding unitary representation. The mor- 
phisms are the homomorphisms of compact quantum groups which are also morphisms 
of the underlying quantum families of orientation preserving isometries. The forgetful 
functor F : Q' — > Q is clearly faithful, and we can view -F(Q') as a subcategory of Q. 

Unfortunately, in general Q' or Q will not have a universal object. It is easily seen 
by taking the standard example = M„(C), TC = D = I. Any CQG having 
a unitary representation on C" is an object of Q'(M„(C), C", /). But by Proposition 



1.2.34 there is no universal object in this category. However, the fact that comes to our 
rescue is that a universal object exists in each of the subcategories which correspond to 
the CQG actions preserving a given faithful functional on M„. 

On the other hand, given any equivariant spectral triple, it has been shown in [31] 
that there is a (not necessarily unique) canonical faithful functional which is preserved 
by the CQG action. For readers' convenience, we state this result (in a form suitable to 
us) briefiy here. Before that, let us recall the definition of an i2-twisted spectral data 
from [31]. 

Definition 3.2.6. An R-twisted spectral data ( of compact type ) is given by a quadruplet 
(A°°,n,D,R) where 

1. ( A'^,TC,D ) is a spectral triple of compact type. 

2. R a positive (possibly unbounded) invertible operator such that R commutes with 

D. 

3. For all s G M, the map a 1— > o"s(a) := R~^aR'^ gives an automorphism of A^ (not 
necessarily ^-preserving) satisfying supgg[_„ „] ||cJs(a)|| < 00 for all positive integer n. 

We shall also sometimes refer to [A°° ,71,0) as an ii-twisted spectral triple. 



Chapter 3: Quantum group of orientation preserving Riemannian isometries 



76 



Proposition 3.2.7. Given a spectral triple {A°^ ,TC, D) (of compact type) which is Q- 
equivariant with respect to a representation of a CQG Q on 7i, we can construct a 
positive (possibly unbounded) invertible operator R on H such that {A^ ,7i, D, R) is a 
twisted spectral data, and moreover, we have 

ajj preserves the functional tji defined at least on a weakly dense *-subalgebra £d of 
B(Ji.) generated by the rank-one operators of the form \^ >< r]\ where ^,r] are eigenvec- 
tors of D, given by 

tr{x) = Tr{Rx), X £ £d- 

Remark 3.2.8. When the Haar state of Q is tracial, then it follows from the definition 
of R in Lemma 3.1 of [31] and Theorem 1.5 part 1. of [67] that R can be chosen to be 
I. 

Remark 3.2.9. IfVx denotes the eigenspace of D corresponding to the eigenvalue, say 
A, it is clear that Tji{X) = e^^^TT:{Re~^^^ X) for all X = \^ >< ri\ with S^, rj belonging to 
Vx and for any t > 0. Thus, the ajj-invariance of the functional th on £o is equivalent 
to the ajj -invariance of the functional X ^ TT{XRe~^^^) on Sd for each t > 0. If, 
furthermore, the R-twisted spectral triple is Q-summable in the sense that i?e~*^^ is 
trace class for every t > 0, the above is also equivalent to the ajj -invariance of the 
bounded normal functional X TV(Xi?e~*^^) on the whole of B{7i). In particular, 



this implies that au preserves the functional B{7{) B x i-^ Limt^o+ -^^^I^TiDa^ ' ^^^^^c 



Lim is as defined in subsection 1.5.2 



This motivates the fohowing definition: 

Definition 3.2.10. Given an R-twisted spectral data {A^ ,Ti., D, R) of compact type, 
a quantum family of orientation preserving isometries {S, U) of {A°°,Ti., D) is said to 
preserve the R-twisted volume, (simply said to be volume-preserving if R is understood) 
if one has {tr ® id)(a[/(x)) = tii[x).1s for all x in Ed, where £d and tr are as in 



Proposition 3.2.7 We shall also call {S, U) a quantum family of orientation-preserving 
isometries of the R-twisted spectral triple. 

If, furthermore, the C* -algebra S has a coproduct A such that (5, A) is a GQG and 
U is a unitary representation of (S, A) on 7i, we say that (5, A) acts by volume and 
orientation-preserving isometries on the R-twisted spectral triple. 

We shall consider the categories Q/j = Qr(D) and Q'j^ = Q'j^{D) which are the full 
subcategories of Q and Q' respectively, obtained by restricting the object-classes to the 
volume-preserving quantum families. 

Remark 3.2.11. We shall not need the full strength of the definition of twisted spectral 



data here; in particular the third condition in the definition 3.2.6. However, we shall 
continue to work with the usual definition of R-twisted spectral data, keeping in mind 
that all our results are valid without assuming the third condition. 
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Let us now fix a spectral triple {A°^ ./H, D) which is of compact type. The C*- 
algebra generated by in B{7i) will be denoted by A. Let Aq = 0, Ai, A2, • • • be the 
eigenvalues of D with Vi denoting the ( dj-dimensional, < < 00 ) eigenspace for A,. 
Let {eij,j = 1, ...,di} be an orthonormal basis of Vi. We also assume that there is a 
positive invertible RonH such that {A°° ,H, D, R) is an i?-twisted spectral data. The 
operator R must have the form = Ri, say, with Ri positive invertible di x di matrix. 
Let us denote the CQG Au^^iiRf) by Ui, with its canonical unitary representation /3j on 
Vi = C % given by (3i{eij) = e^fe (g) ■u^j . Let U be the free product of Ui, i = 1,2, ... 
and /3 = *if3i be the corresponding free product representation of W on Ti.. We shall also 
consider the corresponding unitary element /3 in Ai{IC{H) ®U). 

Lemma 3.2.12. Consider the R-twisted spectral triple {A°° ,l-i,D) and let {S,U) be a 

quantum family of volume and orientation preserving isometries of the given spectral 
triple. Moreover, assume that the m,ap U is faithful in the sense that there is no proper 
C* -suhalgehra Si of S such that U belongs to Ai(IC(T[) (gi Si). Then we can find a C*- 
isomorphism (f) : U /T ^ S between S and a quotient of U by a C* -ideal Z ofU, such 
that U = (id (g) 0) o (id (g) Hj) o (3, where Hx denotes the quotient map from U to U/1. 

If, furthermore, there is a compact quantum group structure on S given by a coprod- 
uct A such that {S, A, U) is an object in Q'^, the ideal I is a Woronowicz C* -ideal and 
the C* -isomorphism (f) : U /I ^ S is a morphism of compact quantum groups. 

Proof : It is clear that U maps Vi into (g) »S for each i. Let v^j {j,k = 1, dj) be 
the elements of S such that U{eij) = Ylk ^ik ® ^ij • Note that Vi := ((^['j)) is a unitary 
in M(i. (C) (g) S. Moreover, the *-subalgebra generated by all {t;^*- , i > 0, , j, A; > 1} must 
be dense in S by the assumption of faithfulness. 

Consider the *-homomorphism ai from the finite dimensional C* algebra Ai = 
M(i.(C) generated by the rank one operators {\eij >< eik\,j,k = l,...,di} to Ai ® S 
given by ai{y) = U{y fS> l)f7*|y.. Clearly, the restriction of the functional on Ai 
is nothing but the functional given by Tr(i?j •), where Tr denotes the usual trace of 
matrices. Since ctj preserves this functional by assumption, we get, by the universality 
of Ui, a C* -homo morphism from Ui to S sending = u^j to , and by definition 
of the free product, this induces a C*-homomorphism, say H, from U onto S, so that 
U/I = S, where I := Ker(n). 

In case S has a coproduct A making it into a compact quantum group and U is a 
quantum group representation, it is easy to see that the subalgebra of S generated by 
{v^j^ > 0, J, = 1, di} is a Hopf algebra, with A(i;^'j) = J2i '"m ""if - I^o™ tliis, 
it follows that 11 is Hopf-algebra morphism, hence X is a Woronowicz C*-ideal. □ 

Theorem 3.2.13. For any R-twisted spectral triple of compact type (A°^ ,TC, D) , the 
category Qr of quantum families of volume and orientation preserving isometries has a 
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universal (initial) object, say {G, Uq). Moreover, Q has a coproduct Aq such that {G, Aq) 
is a compact quantum group and {G,Aq,Uo) is a universal object in the category Q'^. 
The representation Uq is faithful. 

Proof : Recall the C*-algebra U considered before, along with the representation 
P and the corresponding unitary /? belonging to Ai{IC{Ti.) (8) U)- For any C*-ideal 
Z of U, we shall denote by Hj the canonical quotient map from U onto U/I, and let 
Tj = (id®ni)o/5. Clearly, Tj = (id(g)7ri)o^ is a unitary element M{}C{H)®U /I). Let 
T be the collection of all those C*-ideals Z oili such that (\d®ijj)oaYx = (idiXiw) oadp^ 
maps into A!' for every state lo (equivalently, every bounded linear functional) on 
lA/I. This collection is nonempty, since the trivial one-dimensional C7*-algebra C gives 



an object in Q^j and by Lemma 3.2.12 we do get a member of J-. Now, let Xq be the 
intersection of all ideals in We claim that Xq is again a member of T. Indeed, in the 

it is clear that for a in , (id ® (f)) o Fig (a) belongs to A!' 



notation of Lemma 



1.1.2 



for all (j) in the convex hull of r2|J(— $7). Now, for any state oo on IA/Zq., we can find. 



by Lemma 1.1.2 a net ujj in the above convex hull (so in particular < 1 for all j) 
such that uj{x + Xq) = lim^ u)j{x + Xq) for all x in lA /Zq. 



It follows from Lemma 1.1.8 that (id®a;j)(X) (id(E>u;)(X) (in the strong operator 
topology) for ah X belonging to M{1C{H)®U /Zq). Thus, for a in (id(giu;)oap (a) 
is the limit of (id ® loi) o a= (a) in the strong operator topology, hence belongs to A!' . 

We now show that {Q := U /Xq, Tj^) is a universal object in Q^j. To see this, consider 
any object (5, U) of Q/j. Without loss of generality we can assume U to be faithful, 
since otherwise we can replace S by the C*-subalgebra generated by the elements {vf^} 
appearing in the proof of Lemma |3. 2. 12 But by Lemma 3.2.12 we can further assume 



that S is isomorphic with U/Z for some X belonging to JT. Since Xq C X, we have a 
C*-homomorphism from U/Zq onto lA/Z, sending x +Zq to x + X, which is clearly a 
morphism in the category Q^j. This is indeed the unique such morphism, since it is 
uniquely determined on the dense subalgebra generated by {u^*- +Zq, i > 0, j,k>l} 
of 

To construct the coproduct on ^ = U/Zq., we first consider U^'^'> : H ^ H ® Q ® Q 
given by 

t^^'^ = (rx„)(i2)(rxo)(i3), 

where Uij is the usual 'leg- numbering notation'. It is easy to see that (a^a,t/(^)) IS an 
object in the category Qij, so by the universality of {Q^Tj^^), we have a unique unital 
C*-homomorphism Aq : Q ^ Q ®Q satisfying 



(id® Ao)(rxo) = ?7(2). 
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Letting both sides act on Cij, we get 

Z \ fc / I 

Comparing coefficients of eu, and recalling that A{ufj) = J^k'^ik ® "^kj (where A 
denotes the coproduct on U), we have 

(vrxo «) vrij o A = Ao o vrxo (3.2.1) 

on the linear span of {u^jl,i > 0, j, k > 1}, and hence on the whole of U. This implies 
that A maps Iq = Ker(7ri(j) into Ker(7rx(, (gi ttj^) = (Xq (g 1 + 1 ® lo) dU ®U. In other 
words, Zq is a Hopf C*-ideal, and hence Q = U/Iq has the canonical compact quantum 
group structure as a quantum subgroup olli. It is clear from the relation (3.2.1) that 
Aq coincides with the canonical coproduct of the quantum subgroup U/Tq inherited 
from that of lA. It is also easy to see that the object (^, Ao,rip) is universal in the 



category Cl'^, using the fact that (by Lemma 3.2.12 ) any compact quantum group (5, U) 



acting by volume and orientation preserving isometries on the given spectral triple is 
isomorphic with a quantum subgroup U/Z, for some Hopf C*-ideal X of li. 

Finally, the faithfulness of Uq follows from the universality by standard arguments 
which we briefly sketch, li Qi <Z Q \s a *-subalgebra of Q such that Uq is an element of 
M.{1C{T-L) ®Gi)-, it is easy to see that {Qi, Uq) is also an object in Qr, and by definition 
of universality of G it follows that there is a unique morphism, say j, from Q to Qi. But 
the map i o j is a morphism from Q to itself, where i : ^ ^ is the inclusion. Again 
by universality, we have that io j = idg, so in particular, i is onto, that is,. Gi = G. □ 

Consider the *-homomorphism ao := ajjg, where {G,Uq) is the universal object 
obtained in the previous theorem. For every state i;^ on ^, (id <Si (p) o ao maps A into 
A". However, in general ao may not be faithful even if Uq is so, and let G denote the 
C*-subalgebra of G generated by the elements {(/ ® id) o ao(a) : f £ A*,a £ A}. 

Remark 3.2.14. If the spectral triple is even, then all the proofs above go through with 
obvious modifications. 

Definition 3.2.15. We shall callG the quantum group of orientation-preserving isome- 
tries of R-twisted spectral triple {A^ ,TL, D, R) and denote it by QISO^{A°° ,TL,D,R) 
or even simply as QISO^{D). The quantum group G is denoted by QISO^{D). 

If the spectral triple is even, then we will denote G and G by QISO^{D,-)) and 
QISO^{D,j) respectively. 



Chapter 3: Quantum group of orientation preserving Riemannian isometries 



80 



3.2.3 Stability and topological action 



In this subsection, we are going to use the notations as in subsection 3.2.2 in particular 



Q,Q,Uo,ao. It is not clear from the definition and construction of QISO'^{D) whether 
the C* algebra A generated by is stable under ao in the sense that (id (8) o ag 
maps A into A for every cj). Moreover, even if A is stable, the question remains whether 
ao is a C*-action of the CQG QISO~^{D). In chapter pi subsection 5.4.2 we have given 



an example of a spectral triple for which the *-homomorphism oq is not a C* action. 
However, one can prove that ao is a C* action for a rather large class of spectral triples, 
including the cases mentioned below. 

(i) For any spectral triple for which there is a 'reasonable' Laplacian in the sense 
of [30]. This includes all classical spectral triples as well as their Rieffel deformation 
(with R = I). 

(ii) Under the assumption that there is an eigenvalue of D with a one-dimensional 
eigenspace spanned by a cyclic separating vector ^ such that any eigenvector of D 
belongs to the span of A°°^ and {a € A°° : is an eigenvector of D} is norm-dense 



in ^ ( to be proved in subsection 3.2.4 ). 

Now we prove the sufficiency of the condition (i) . 

We begin with a sufficient condition for stability of A°° under ao. Let (A°° ,TC, D) 
be a (compact type) spectral triple such that 

(1) A°^ and {[D, a], a £ A°°} are contained in the domains of all powers of the deriva- 
tions [D,-] and [\D\,-]. 



We will denote by Tf the one parameter group of *-automorphisms on B{TC) given 



by Tt{S) = e Se for all 5 in B{Tl) which is clearly continuous in SOT. We will 
denote the generator of this group by 6. For X such that [D, X] is bounded, we have 
6{X) = i[D,X] and hence 



Tt{X) - X 



Ts{[D,X])ds 



< t\\[D,X]\ 



Let us say that the spectral triple satisfies the Soholev condition if 



n>l 



Then we have the following result, which is a natural generalization of the classical 
situation, where a measurable isometric action automatically becomes topological (in 
fact smooth). 
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Theorem 3.2.16. (i) For every state (f) on Q, 

(id ®(^)o ao{A°°) belongs to M' p| Dom(5"). 



n>l 



(a) If the spectral triple satisfies the Sobolev condition then ( and hence A ) is 
stable under oq. 



Proof: Since Uq commutes with D /, it is clear that the automorphism group 
Tt commutes with Oq = (id (gi 0) o ao, and thus by the continuity of ao in the strong 
operator topology it is easy to see that, for a in Dom((5), 



lim 

t-*o+ 



Tt(ag'(a)) - at {a) 
t 

r <t,(Tt{a)-a 
= hm Q!n 

= ao('^(a))- 

Thus, Oq leaves Dom((5) invariant and commutes with b. Proceeding similarly, we prove 
(i). The assertion (ii) is a trivial consequence of (i) and the Sobolev condition. □ 



Let us now assume 

(2) The spectral triple is 0-summable, that is, for every t > 0, e^*^^ is trace -class 

is a 



1.5.2 



and the functional t(X) = Lim^-^o '^''^f' Ito^ ^ ( where Lim is as in subsection 
positive faithful trace on the * algebra, say 5°°, generated by {Ts(^°°), Ts(^°°)([Z), a]) : 

The functional r is to be interpreted as the volume form ( we refer to [29], [30] for 
the details ). The completion of 5°° in the norm of B(TC) is denoted by S, and we 
shall denote by ||a||2 and || • ||oo the L^-norm T{a*a)2 and the operator norm of B(TC) 
respectively. 

From the definition of r, it is also clear that Tt preserves r, so extends to a group of 
unitaries on M := L^{S'^,t). Moreover, for X such that [D, X] is in BiTi)^ in particular 
for X in 5°°, we have 



Ts{X)-X 



t{Ts{X) (r,(X) - X)) + t{X*{X - T,{X))) 



< 2 



X-Ts{X) 



\X\ 



< 2s\\[D,X]\U\X\\2, 
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which clearly shows that s i— > Ts{X) is L^-continuous for X belonging to 5°°, hence (by 
unitarity of Tg) on the whole of A/", that is, it is a strongly continuous one-parameter 
group of unitaries. Let us denote its generator by 6, which is a skew adjoint map, that 
is, i6 is self adjoint, and Tt = exp{t5). Clearly, 6 = 6 = [D, •] on 5°°. 

We will denote L^(^°^,r) C by ^^^1 the restriction of 6 to (which is a 
closable map from 7{% to M) by do- Thus, do is closable too. 



We now recall the assumptions made in chapter [2j subsection 2.1.2 for defining 
the 'Laplacian' and the corresponding quantum isometry group of a spectral triple 

The following conditions will also be assumed throughout the rest of this subsection: 

(3) C Dom(£) where C = Cd-= -d^^dD- 

(4) C has compact resolvent. 

(5) Each eigenvector of £ ( which has a discrete spectrum , hence a complete set of 
eigenvectors ) belongs to A°^. 

(6) The complex linear span of the eigenvectors of C, say A"^ ( which is a subspace of 
A°" by assumption (5) ), is norm dense in A°^ . 

It is clear that C maps (A'^ ) into itself. The *-subalgebra of A°^ generated by A^ 
is denoted by ^o- We also note that £ = PqCPq, where £ := {i6)'^ (which is a self 
adjoint operator on M) and Pq denotes the orthogonal projection in M whose range is 
the subspace TL'j^. 

Theorem 3.2.17. Let {A°^,TC,D) be a spectral triple satisfying the assumptions 
(1) — (6) made above. In addition, assume that at least one of conditions (a) and 
(b) mentioned below is satisfied: 

(a) A" c nl. 

(b) a^(^°°) C for every state (j) on g = QISOj{D). 
Then oq is a C* -action of QlSOf {D) on A. 

Proof : Under either of the conditions (a) and (b), for any fixed (j), the map ckq maps 
A°° into the subset Ti^ of Af. Since also commutes with [D, ■] on A'^, it is clear 
that maps S°° into Af. In fact, using the complete positivity of the map and the 
ao-iiivariance of r, we see that 

T{aQ{a) aQ{a)) < r(aQ(a*a)) = (id (g) (j)){{T id)ao{a*a)) = r(a*a).l 

which implies that ckq extends to a bounded operator from M to itself. Since C/q com- 
mutes with D, it is clear that Oq (viewed as a bounded operator on Af) will commute 
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with the group of unitaries Tf, hence with its generator 5 and also with the self adjoint 
operator £, = (iS)'^. 

On the other hand, it follows from the definition of ^ = QISOf{D) that (r ^ 
id)(ao(-'^)) = T{X)lg for all X in B{Ti.), in particular for X belonging to 5°°, and thus 
the map 5°°(8'aig^ 3 (a^g) i-^ ao{a){l(dq) extends to a ^-linear unitary, denoted by W 
(say), on the Hilbert ^-module M®Q. Note that here we have used the fact( which that 
for any (/>, (id O (/))(Ty)(5°° Oaig Q) <Z since a^(5°°) C M. The commutativity of 
with Tt for every (j) clearly implies that W and Tt ® idg commute on J\f ®Q. Moreover, 
Oq maps ™to itself, so W maps W^, ® Q into itself, and hence (by unitarity of W) it 
commutes with the projection Pq "Xi 1- It follows that Oq commutes with Pq; ^-nd (since 
it also commutes with C) commutes with C = PqCPq as well. 

Thus, Og preserves each of the (finite dimensional) eigenspaces of the Laplacian 
C, and so is a Hopf algebraic action on the subalgebra spanned algebraically by 
these eigenvectors. Moreover, the ^-linear unitary W clearly restricts to a unitary 
representation on each of the above eigenspaces. If we denote by {{qij))(ij) the ^-valued 
unitary matrix corresponding to one such particular eigenspace, then by Proposition 



1.2.23 Qij must belong to Qq and we must have e{qij) = 5ij (Kronecker delta). This 
impHes (id(E>e)oQ!o = id on each of the eigenspaces, hence on the norm-dense subalgebra 
^0 of completing the proof of the fact that ao extends to a C* action on A. □ 



Combining the above theorem with Theorem 3.2.16, we get the following immediate 
corollary. 

Corollary 3.2.18. If the spectral triple satisfies the Soholev condition mentioned before, 
in addition to the assumptions 1 — 6, then QlSOf (D) has a C* -action. In particular, 
for a classical spectral triple, QlSOf (D) has C* -action. 

Remark 3.2.19. Let us remark here that in case the restriction of t on A°° is normal, 
that is, continuous with respect to the weak operator topology inherited from B(TC), then 
Ti.^ will contain A", which is the closure of A^ in the weak operator topology of BiTL), 
so the condition (a) of Theorem 3.2.1''\ (and hence its conclusion) holds. 



Remark 3.2.20. In a private communication to us, Shuzhou Wang has kindly pointed 
out that a possible alternative approach to the formulation of quantum group of isome- 
trics may involve the category of CQG which has a C* -action on the underlying C* 
algebra and a unitary representation with respect to which the Dirac operator is equiv- 
ariant. However, we see from Corollary 5.4-17 of chapter\^ that the category proposed 



by Wang does not admit a universal object in general. 
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3.2.4 Universal object in the categories Q or Q' 

We shall now investigate further conditions on the spectral triple which will ensure the 
existence of a universal object in the category Q or Q'. Whenever such a universal 
object exists we shall denote it by QISO~^{D), and denote by QISO^{D) its largest 
Woronowicz subalgebra for which ajj on A°° (where U is the unitary representation of 
qIs6+{D) on n) is faithful. 



Remark 3.2.21. If QISO~^{D) exists, then by Proposition 3.2.7 there will exist some 
R such that QISO^{D) is an object in the category Cl'j^{D). Since the universal object 
in this category, that is, QISO^{D) , is clearly a sub-object of QISO~^{D), we have 
QIS6+{D) ^ QISO\{D) for this choice of R. 

Let us state and prove a result below, which gives some sufficient conditions for the 
existence of QISO~^{D). 

Theorem 3.2.22. Let {A°° ,TC, D) be a spectral triple of compact type as before and 
assume that D has an one- dimensional eigenspace spanned by a unit vector which is 
cyclic and separating for the algebra . Moreover, assume that each eigenvector of 
D belongs to the dense subspace A°°S, ofTC. Then there is a universal object, {G,Uo). 
Moreover, Q has a coproduct Aq such that (^,Ao) is a compact quantum group and 
{Q,IS.q,Uq) is a universal object in the category Q'. 

// we denote by Q the Woronowicz C* subalgebra of Q generated by elements of the 
form {ai/g{a){r] (g) 1), ry' l)g where r],rj' are in 7i, a in A^ and {. , .)g denotes the Q 
valued inner product of 7i®Q, we have Q = Q * C(T). 

Proof: Let Vj, {eij} be as before, and by assumption we have Cij = XijS, for a unique 
Xij in A°^. Clearly, since ^ is separating, the vectors {eiJ = x*jS,,j = are 
linearly independent, so the matrix Qi = {{{(^J,eik)))'^\^i is positive and invertible. 
Now, given a quantum family of orientation-preserving isometries (5, U), we must have 
U{S,(^1) = q, say, for some q in S, and from the unitarity of U it follows that g is a 
unitary element. Moreover, U leaves Vi invariant, so let U {cij (8) 1) = J2k ^ v^^j ■ But 
this can be rewritten as 



Oiu{xij){i ®q)=^ Xiki ® v^'-. 



Since ^ is separating and q is unitary, this implies au{xij) = J2k^ik ® v^jl*' thus 
we have 

U{eU ® 1) = auixijYiC (^q)=Yl ® Qi^jTl = J] ^ ® 1(4])* I- 
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Taking the 5-valued inner product {•,-)s on both sides of the above expression, and 
using the fact that U preserves this 5- valued inner product, we obtain 

(cij , eiji) .1 

\ k k' I 

{eik , eik') q vl!q q[vl,'-,) q. 



k,k' 



This imphes. 



q{Qi),fq*-l 

^^kj (eifc , el^) {v^k'j') ■ 



k,k' 



Thus, 



k,k' 



Hence, we have Qi = v'^QiVl (where Vi = ((t'^j)))- Thus, Q^^v'^Qi must be the (both- 
sided) inverse of vl. Thus, we get a canonical surjective morphism from Au^diiQi) to the 
C* algebra generated by {v^j : j,k = l,2,...(ij}. This induces a surjective morphism 
from the free product of Au^^.^Qi), i = 1,2,... onto S. The rest of the arguments for 
showing the existence of G will be quite similar to the arguments used in the proof of 



Theorem 3.2.13 hence omitted. 

Now we come to the proof of the last part of the theorem. For a in A°^, [/(a^® 1) = 
au{a)U{^ 1) = Q^(a)(^ q). Now, recalling that Span{a^ : a G A°°} is dense in Ti, 
it is clear that a = ^* C*((7) ^ a* C(T). □ 



Remark 3.2.23. Some of the examples considered in section 3.4 will show that the con- 
ditions of the above theorem are not actually necessary; QISO {D) may exist without 
the existence of a single cyclic separating eigenvector as above. 

Let {A°° ,7i, D) be a spectral triple of compact type satisfying the conditions of 
the above theorem. Let the faithful vector state corresponding to the cyclic separating 
vector ^ be denoted by r. Let ^oo = spanja G A°° : is an eigenvector of -D}. 

Moreover, assume that ^oo is norm dense in A°° . 

Let D : Aqq — > .4oo be defined by : 

b{a)i = D{ai). 

This is well defined since ^ is cyclic and separating. 
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Definition 3.2.24. Let A be a C* algebra and A°° be a dense *-subalgebra. Let 
{A°° ,H, D) be a spectral triple of compact type as above. 

Let C be the category with objects {Q,a) such that Q is a compact quantum group 
with a C* action a on A such that: 

1. a is T preserving ( where r is as above ), that is, (r (8'id)(a(a)) = r(a).l. 

2. a maps Aqq inside Aqq (^aig Q- 

3. aD = {D(g)L)a. 

Corollary 3.2.25. There exists a universal object Q of the category C and it is iso- 
morphic to the Woronowicz C* subalgebra Q = QISO^ (D) of Q obtained in Theorem 
\H.2.2''A 

Proof : The proof of the existence of the universal object follows verbatim from the 



proof of Theorem 2.1.5 replacing Chy D and noting that D has compact resolvent. We 
denote by a the action of Q on A. 

Now, we prove that Q is isomorphic to Q. 

Each eigenvector of D is in A°° by assumption. It is easily observed from the proof 



of Theorem 3.2.22 that auo maps the norm-dense *-subalgebra ^oo into ^oo "J^aig Go, 
and {id(Sie)oauo = id, so that au^ is indeed a C* action of the CQG G. Moreover, it can 
be easily seen that r preserves au^ and that ajjg commutes with D. Therefore, {G,auo) 
is an element of Obj(C) and hence ^ is a quantum subgroup of Q by the universality 
of Q. 

For the converse, we start by showing that a induces a unitary representation W of 
Q * C(T) on 7i which commutes with D, and the corresponding conjugated action aw 
coincides with a. 

Define VF(a^) = a(a)(^)(l ® q*) for all a in A^ where g is a generator of C(T). 

Since we have (r id) (a(a)) = r(a).l, it follows that W is a {Q * C(T)-linear) 
isometry on the dense subspace AqoS, CSaig Q and thus extends to 7i {Q* C(T)) as an 
isometry. Moreover, since a{A){l (8) Q) is norm dense in ^ Q (by the definition of a 
CQG action) it is clear that the range of W is dense, so W is indeed a unitary. It is 
quite obvious that it is a unitary representation of Q * C(T). 

We also have, 

WD{a^) 

= W{D{a)0 = a{D{a)m{l(^q*) 

= {D^I){aia)C)il<E)q*) = {D<g)I)W{aO, 

that is, W commutes with D. 

Moreover, it is easy to observe that aw = S. This gives a surjective CQG morphism 
from Q = Q * C(T) to Q * C(T), sending G onto Q, which completes the proof. □ 
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Comparison with the approach of [30] based on Laplacian 



3.3 Comparison with the approach of [30] based on Lapla- 
cian 



Throughout this section, we shall assume the set-up of subsection 3.2.3 for the existence 
of a 'Laplacian', including assumptions 1 — 6. Let us also use the notation of that 
subsection. 

We recall from chapter [2] that a CQG (5, A) which has an action a on ^ is said 
to act smoothly and isometrically on the noncommutative manifold ( of compact type 
) (^°°, D) if (id (g) </>) o a{A^) C A'^ for every state (j) on 5, and also (id O 0) o a 
commutes with the Laplacian C = Co on A'q' ( where A'q' is the complex linear span 
of the eigenvectors of £ ) . One can consider the category Q^^^ of all compact quantum 
groups acting smoothly and isometrically on A, where the morphisms are quantum 
group morphisms which intertwin the actions on A. We make the following additional 
assumption throughout the present section: 

(7) There exists a universal object in Q^^^ ( the quantum isometry group for the 
Laplacian £ = in the sense of [30]), and it is denoted by QISO^ = QISO'~'° 



The following result now follows immediately from Theorem 3.2.17| of subsection 2.3. 



Corollary 3.3.1. If {A°° ,TC, D) is a spectral triple ( of compact type ) satisfying any 



of the two conditions ( a ) or ( h ) of Theorem 3.2.17, then QISOj{D) is a sub-object 
of QISO''^ in the category Q'^j^ . 

Proof: The proof is a consequence of the fact that QlSOf {D) has the C*-action ao 



on A, and the observation already made in the proof of the Theorem 3.2.17 that this 



action commutes with the Laplacian Cd- n 
Now, we will need the Hilbert space of forms Tid+d* corresponding to a 0-summable 



spectral triple {A°° ,7i,D) as discussed in subsection 1.5.2 We recall that one obtains 
an associated spectral triple [A^ .iTLd+d* ■, d + d*). We assume that this spectral triple is 
of compact type, that is, d + d* has compact resolvents. 

We will denote the inner product on the space of k forms coming from the spectral 
triples (^°°, TC, D) and {A°°, TCd+d*, d + d*) by ( , )^fc and ( , ^ respectively, 
k = 0,l. ^ 

We will denote by ttd, nd+d* the representations of A°° in 7i and TCd+d* respectively. 

Let Ud+d* be the canonical unitary representation of QISOf{d + d*) on Tid+d*- 

TCd+d* breaks up into finite dimensional orthogonal subspaces corresponding to the 
distinct eigenvalues of A := (d + d*)"^ = d*d-\-dd* . It is easy to see that A leaves each of 
the subspaces TCj-) invariant, and we will denote by Va,^ the subspace of Ti^d+d* spanned 
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by eigenvectors of A corresponding to tlie eigenvalue A. Let {ej^A,i}j be an orthonormal 
basis of VA,i- Note that >Cd is the restriction of A to Tl%. 



Now we recall Proposition 2.1.8 It was shown there that QISO''''^ has a uni- 
tary representation U = Uc on Ti'^'^'^* such that U commutes with d + d*. Thus, 
{A°°, Hd+d*, d + d*) is a QISO'~'^ equivariant spectral triple. Moreover, by Remark 



2.1.6 



QISO''^ has tracial Haar state, which implies, by Proposition |3. 2. 7| and Remark 



3.2.8 that au keeps the functional tj invariant. Summarizing, we have the following 



result: 

Proposition 3.3.2. The quantum isometry group {QISO'~'° , Uc) is a sub-object of 
{QISO^ {d + d*), Ud+d*) in- ihe category Qi{d + d*), so in particular, QISO''^ is 
isomorphic to a quotient of QlSOf {d + d*) by a Woronowicz C* ideal. 

We shall give (under mild conditions) a concrete description of the above Woronowicz 
ideal. 

Let I be the C* ideal of QISOj{d + d*) generated by 

UAe(T(A){((-Po" ®'^^)Ud+d*{ejXQ),ejXi' ® : j,i' > 1}, 

where Pq is the projection onto Ti^j^, {. , .) denotes the QISO^ {d + d*) valued inner 
product and (t(A) denotes the spectrum of A. 

Since Ud+d* keeps the eigenspaces of A = (d + d*)^ invariant, we can write 

Ud+d'jejxo) = CfcAo ^ qkj\o+ ^ Cfc/Ai' qk'jXi', 

k i'^0,k' 

for some Qkjxo, qwjXi' in QISOj{d + d*). 
We note that Qk'jXi' is in X if f 7^ 0. 

Lemma 3.3.3. I is a co-ideal of QlSOj {d -\- d*). 

Proof : It is enough to prove the relation A(X) e l®QISOj{d + d*) + QISOf{d + 
d*)®T for the elements X in T of the form {{Pq id)C/d+d*(ejAo)) ^jXio ® l) • We have: 



A(^(Po^0id)C/rf+rf.( 1)) 

P^ id) (id A)Ud+d*{em\o), ejxio ® 1 1 

(Po^®id)C/(i2)f/(l3)( ®1®1 
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Comparison with the approach of [30] based on Laplacian 



{P^ id)?7(i2)(^ efcAo ® 1 ® qkmxo) , ejxio 1 1 



+ X] ((-^o" ® id)f7(i2)(eai' ® 1 ® qimXi') , ejxio 10 1 



^ ( (/q^ 0id)(efc'AO 9fc'fcAO ^fcmAo) , ejAio0l0l 



+ ^ (^{Po id)(efc//fcAi' qk",k,X,i' gfemAo) , CjAio 10 1 
k, k" 



+ ^ ((^6^ 0id)(e//Ai' 0gi'ai' 0*mAi') , ejAio 1 1 
iYo, /, I' 



( (-fo^ id)(ei/'Ai" gP'/Ai" qimXi') , CjAio 10 1 



{(ik"Xi' Q'fc"feAi' gfcmAO , ejAio 10 1) 

iVO, A;', k" 



+ y^ (e/'Ai' qi'lXi' ^imAj' , CjAio 10 1) 



+ y^ (ei"Ai" qimXi' , ejxio 10 1), 

jYo, i'Yo, 

which is clearly in X QISOf{d + d*) + QISOf{d + d*) T, as g/tjAi' is an element of 
I for i' / 0. □ 



Theorem 3.3.4. If au^^^, is a C* action on A, then we have QISO'^^ = QISOj{d + 
d*)/I. 



Proof : By Proposition 3.3.2 we conclude that there exists a surjective CQG mor- 
phism TT : QISOf{d + d*) ^ QISO^° . By construction ( as in Proposition 



2.1.8 



the 



unitary representation Uc of QISO'-'^ preserves each of the W^^, in particular T~i%. It is 
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then clear from the definition of I that vr induces a surjective CQG morphism (in fact, 
a morphism in the category Q;(d + d*)) tt' : QISOj{d + d*)/l ^ QISO^^ . 

Conversely, if F = (id (g) pj) o Ud+d* is the representation of QISOf{d + d*)/I on 
Hd+d* induced by Ud+d* (where px : QISOf{d + d*) QISOf{d + d*)/I denotes the 
quotient map), then V preserves (by definition of X), so commutes with Pq. Since 
V also commutes with (d+d*)^, it follows that V must commute with {d+d*)'^Po = JC, 
that is, 

V{d*d Po «> 1) = {d*dPo ^ 1)V. 

It is easy to show from the above that ay (which is a C* action on A since au^^^* is so 
by assumption) is a smooth isometric action of QISO^{d + d*)/I in the sense of [30], 
with respect to the Laplacian jC. This implies that QISOf{d + d*)/I is a sub-object of 
QISO^'^ in the category Q^j^, and completes the proof. □ 

Now we prove that under some further assumptions which are valid for classical 
manifolds as well as their Rieffel deformation, one even has the isomorphism QISO^'^ = 
QISO^{d + d*). 

We assume the following: 

(A) Both the spectral triples (^°°, H, D) and {A^, Hd+d", d + d*) satisfy the 
assumptions (1) — (7), so in particular both QISO^'^ and QISO^o' exist (here D' = 
d+d*). 

(B) For all a, b in A°°, we have 

(o, 6)^0^ = (a, b)-^o^^ , {doa, dDb)-^i^ = {do'a, dD'b)-^i^^. 

Remark 3.3.5. For classical compact spin manifolds these assumptions can be verified 
by comparing the local expressions of and the 'Hodge Laplacian' {D')"^ in suitable 
coordinate charts. In fact, in this case, both these operators turn out to be essentially 
same, upto a first order term', which is relatively compact with respect to or {D')"^. 

By assumption (B), we observe that the identity map on extends to a unitary, 
say S, from to H'^,. Moreover, we have 

from which we conclude the following: 

Proposition 3.3.6. Under the above assumptions, QISO'~'^ = QISO^'^' . 

We conclude this section with the following result, which identifies the quantum 
isomctry group QISO^^ of [30] as the QISO^ of a spectral triple, and thus, in some 
sense, accommodates the construction of [30] in the framework of the present article. 
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Examples and computations 



Theorem 3.3.7. // in addition to the assumptions already made, the spectral triple ( 



of compact type ) {A°° ,7iD' , D') also satisfies the conditions of Theorem 3.2.17, so that 
QISOf{D') has a C* -action, then we have the following isomorphism of CQG s: 

QjSO'^D ^ QISOj{D') ^ QISO^i^'. 



Proof : By Proposition 3.3.2 we have that QISO^ is a sub-object of QISOf{D') in 

we have QlSOf {D') as a 



3.2.17 



the category Qj(D'). On the other hand, by Theorem 
sub-object of QISO'~'i^' in the category Q'/;^, • Combining these facts with the conclusion 
of Proposition 3.3.6[ we get the required isomorphism. 



□ 



Remark 3.3.8. The assumptions, and hence the conclusions, of this section are valid 
also for spectral triples obtained by Rieffel deformation of a classical spectral triple, to 
be discussed in details in chapter^ 



3.4 Examples and computations 

In this section we compute the quantum group of orientation preserving isometries for 
spectral triples on SU^{2) and C(T^). The computations for the Podles' spheres and 
Rieffel deformed manifolds are given in chapter [5] and Chapter |4] respectively. 



3.4.1 Equivariant spectral triple on SU^{2) 



We recall from subsection 



1.2.4 



that by t"^- s, we will denote the (i, j) th matrix element 
of the (2n-|-l) dimensional representation of SU^{2) and e"^ s will denote the normalized 
( with respect to the Haar state h ) tf jS. We consider the spectral triple on S'C/^(2) 
constructed by Chakraborty and Pal ( [13] ) and also discussed thoroughly in [18] which 
is defined by (^°°, D) where A°° is the linear span of tf^ s, Ti = L'^{SU^{2)) and D 
is defined by : 



= (2n + l)er,-, n^i 
= -(2n+l)eij, n = i. 



Here, we have a cyclic separating vector 1 



and the corresponding faithful 



state is the Haar state h. Thus, we are in the set up of the subsection 3.2.4 and as 
= 1, = -4°° in this case. Therefore, an operator commuting with D ( equivalently 

with D ) must keep := Span{t[j : j = —I, /} invariant for all fixed / and i where 

D is the operator as in subsection 3.2.4 
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In the notation of Corollary 



3.2.25 



we have 



00 



Span{t^ , : / 



0,1/2, 



•}• 



) 



A°° in this case. All the conditions of Theorem 3.2.22| and Corollary 3.2.25 are satisfied 
Thus, the universal object of the category C exists ( notation as in Corollary 
and we denote it by Q. 

Before proving the next result, we note the following fact. We recall the fundamental 

7 a* 

coproduct A on span {a. — fj-j*} as given in subsection 



which is the matrix corresponding to the 



1.2.4 



This implies that V^i 



span {q,7*} and Vi = span {a*, 7}. 



Lemma 3.4.1. Given a CQG Q with a C* action <I> on A, the following are equivalent 

1. (Q,<^) is an element of Ohj{C). 

1 /2 1 /2 

2. The action is linear, in the sense that V_y2 ( ^I'U'ivalently , V^ j^ ) is invariant 

1/2 

under $ and the representation obtained by restricting $ to V-^ j^ is a unitary represen- 
tation. 

3. ^ is linear and Haar state preserving. 

4. ^ keeps invariant for each fixed I and i. 

Proof : 1. =^ 2. Since $ commutes with D, <I> keeps each of the eigenspaces of 
D invariant and so in particular preserves Vj^j^ , that is $ is linear. The condition 
(/i (g) id)<I> = h{-).l implies the unitarity of the corresponding representation. 

2 ^ 3. By hnearity, write $(a) = a® X + -f* ®Y and ^>(7*) = a Z + 7* (g) 
Firstly, <^-invariance of Spanjt^^} for A; = and k = ^ follow from the linearity and 
the fact that ^>(1) = 1. 

Next, we show that $ keeps Span{t]^- : i,j = —1,0, 1} invariant. 
We recall the explicit form of the matrix {{tjj)) from [43]: 

+ 1)7*7 



7"a" 



1 



07 



V 

By inspection, we see that ^{Vj^) C V^^ Q for z = — 1, 1. 

Hence, it is enough to check the ^-invariance for 07 and 1 — (;U^ + 1)7*7. 

We have 



$(a7) 



(a X + 7* y)(a* Z* + 7 W*) 

aa* XZ* + 7*7 YW* + 07 XW* + 7*a* YZ* 
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Examples and computations 



a-i ® XW* + -i*a* ® YZ* + 1 ® XZ* + (1 - (1 + ^l^)-f*-i) ® 



H'^XZ* - YW* 



-1 



YW* - fi'^XZ* 

1+7^2 



YW* Li^X Z* 

a-f XW* + j*a* ^YZ* + 1^ {XZ* + ) + (1 - (1 + ^i^h*j) 



1 + 



fx'^XZ* - YW* 



Thus, comparing coefficient of 1 in ^{aj), we can see that it belongs to Vq if and 
only if XZ* + YW* = 0. 
In the case of 1 — (1 + 



cI>(l-(l + ^V7) 

= 1 1 - (1 + fi'^){aa* ZZ* + 07 ® ZW* + j*a* WZ* + 7*7 ® WW*) 
= 1 1 - (1 + _ ^Vt) «> ZZ* - Q7 (1 + tJ-'^)ZW* - ^a*7* (1 + n"^) 

WZ* - (1 + /i2)7*7 WW* 
= 1 ^ 1 - {1 + ^ ZZ* + {-1 + 1 - {1 + i?)^*-i) -^l'^ZZ* - a7 (1 + I?) 

ZW* - fia*-f* (1 + fi^)WZ* + (-1 + 1 - (1 + /x2)7*7) H^VF* 
= 1 (1 - (1 + n'^)ZZ* + /i^ZZ* - Tyiy*) + (1 - (1 + /x2)7*7) (-/i^ZZ* + 

WW*) - 07 (1 + //2)ZVF* - ^a*7* (1 + /x2)VFZ*. 



Comparing the coefficient of 1 in this case, we have the condition 1 — (1 + ij.'^)ZZ* + 



fi^ZZ* - WW* = 0, that is, ZZ* + WW* = 1. 

But these conditions follow from the unitarity of the matrix 



X* Z* 
Y* W* 

rl/2 



, which 



is nothing but the matrix corresponding to the restriction of $ to V^j^ ■ Thus, $ keeps 
Span{tjj : i,j = —1, 0, 1} invariant. 

Moreover, we claim that by using the recursive relations ( 1.2.18 ), ( 1.2.19 ) and the 
multiplication rule ( 



1.2.23 



itt72n 



l~Tj2^yl+l/2 



We prove this for t, 
exactly similar. We have 



I, we obtain that for ah I > 3/2, 
/ + i<i</ — i, j < I only, as the proofs of the others are 



c(/,i,j)$(a)$(4^,^^.^J + c'(/,i,j)$(7)$(t!_i,^i) 



£ Span{t% 1 , tl 1 : k 



-5, A: i+2,m' i-^,in 



lb-, m 
2' 



-/,.../} Q 
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Using these observations, we conclude that ^ maps Span{t^^. : / > 1/2} into itself. 
So, in particular, Ker(/i) = Spanjy/ : i = —I,,,, I, I > 1/2} is invariant under <I> 
which ( along with $(1) = 1 ) implies that ^ preserves h. 

3. 4. 

We proceed by induction. The induction hypothesis holds for I = ^ since linearity 
means that span {0,7*} is invariant under ^ and hence Span {a*, 7} is also invariant. 
The case for I = 1 can be checked by inspection as in the proof of 2 3. Consider the 
induction hypothesis that $ keeps V^^ invariant for all k,i with k < I. From the proof of 
2 =^ 3 we also have for all / > |, ^{V^^^^'^) C V- © V-^^^'^, by using linearity only. 

Thus, ^ leaves invariant the Hilbert Q module {V- (BV- ^ ) Q, and is a unitary there 

~ i-i 
since <^ is Haar-state preserving. Since $ leaves invariant V- ^ © Q by the induction 

i+- 

hypothesis, it must keep its orthocomplement, V- ^ invariant as well. 

4. 3. 

The fact that ^ keeps invariant for 1 = 1/2 will imply that ^ is linear. The proof 
of Haar state preservation is exactly the same as in 2 3. 

4^1. 

That preserves the Haar state follows from arguments used in the proof of the 

implication 2 ^ 3.. Since ^00 = Spanji^^- : I > 0,i, j = —I, /}, and $ keeps each Vj 

invariant, it is obvious that $(^00) Q -^oo ®aig Qo and = {D id)<I>. 

□ 



By Lemma 3.4.1 , we have identified the category C with the category of CQG having 



C* actions on SU^(2) satisfying condition 3. of Lemma 3.4.1 Let the universal object 
of this category be denoted by (Q,r). 
Then by linearity we can write: 

r(a) = a (g) A + 7* (g) 5, 



r(7*) = a® C7 + 7* ©D. 

Now we shall exploit the fact that L is a *-homomorphism to get relations satisfied 
by A, B, C, D where Q is generated as a C* algebra by the elements A, B, C, D. 



Lemma 3.4.2. 



A*A + CC* = 1, 



(3.4.1) 
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Examples and computations 



A* A + fi^CC* = B*B + DD*, 
A*B = -fiDC\ 
B*A = -fiCD*. 



(3.4.2) 
(3.4.3) 
(3.4.4) 



Proof : The proof follows from the relation ( 1.2.10 ) by comparing coefficients of 
1,7*7,Q*7* and 07 respectively. □ 



Lemma 3.4.3. 



AA* + n'^CC* = 1, 
BB* + ^?DD* = fi'^.l, 



(3.4.5) 
(3.4.6) 

BA* = -^?DC*. (3.4.7) 
Proof : From the equation ( [1.2.11 ) by equating coefficients of 1 and a* 7*, we get 



respectively ( [3.4.5 ) and ( [3.4.7 ) whereas ( 3.4.6 ) is obtained by equating coefficients 



of 7*7 and using ( 3.4.5 ). 



□ 



Lemma 3.4.4. 



c*c = cc* 



(1 - ^^)C*C = D*D - DD*, 
C*D = iJ.DC*. 



(3.4.8) 
(3.4.9) 
(3.4.10) 



Proof : The proof follows from the equation ( 1.2.12 ) by comparing the coefficients 
of l,7*7,a*7*, respectively. □ 



Lemma 3.4.5. 



Ix'^AC* + BD* - fiD*B + fiC*A = 0, 
AC* = fiC*A, 
BC* = C*B, 
AD* = D*A. 



(3.4.11) 
(3.4.12) 
(3.4.13) 
(3.4.14) 



Proof : The proof follows from the equation ( 1.2.13[ ) comparing the coefficients of 
7*7, 1, Q* 7* and 07 respectively. □ 



Lemma 3.4.6. 



AC = fiCA, 
BD = fiDB, 



(3.4.15) 
(3.4.16) 
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Proof : The proof follows from ( 
tively. 



AD - fiCB = DA - fi-^BC. (3.4.17) 
from the coefficients of a^, 7*^, 7*0 respec- 



1.2.14 



□ 



Now we consider the antipode, say k. 

From the condition (/i id)r(a) = /i(a).l, we see that T induces a unitary represen- 
tation of the compact quantum group via T{a <Si q) = r(a)(l q). 

Now, the restriction of this unitary representation to the orthonormal set 

'a fiC \ 



{ 



, } is given by the matrix : 



fx-^B D 



Similarly, with respect to the orthonormal set { \/l + fi'^a* , \/l + /u^7} , this repre- 

' A* C* \ 
B* D* j ' 



sentation is given by the matrix: 
Thus, we have: 

k{A) = A*, k{D) = D*, k{C) = fi-'^B*, k{B) = fi^C*, k{A*) = A, k{C*) 
B, k{B*) = C, k{D*) = D. 



Lemma 3.4.7. 



AB = fiBA, 
CD = fiDC, 
BC* = C*B. 



(3.4.18) 
(3.4.19) 
(3.4.20) 



Proof : The relations ( |3.4.18| ), ( |3.4.19| ), ( |3.4.20| ) follow by applying k to the 
equations ( [3.4.15 ), ( 3.4.16| ) and ( 3.4.13 ) respectively. 

Lemma 3.4.8. There exists a *-homomorphism 4> '■ ^/t(2) Q defined by 0(uii) = 

A, (Piuu) = fJ.C, (f){u2l) = fl^^B, 4>{U22) = D. 

Proof : It is enough to check that the defining relations of U^{2) are satisfied. 

1. 4>{uiiui2) = (j){nui2Un) <^ 4'{un)(l){ui2) = /U0('Ui2)0(uii) MfJ-Q = 
IJ,{lJ,C)A ^ AC = fiCA which is the same as ( |3.4.15| ). 

2. 0(ttiiU2i) = <p{fJ'U2iUn) ^ M^J-'^B) = ^{^~^B)A ^ AB = fiBA which is the 



same as equation ( 3.4.18 ). 

3. (p{ui2U22) = 4'it^U22y'i2) ^C D = ixD[ixC) ^ CD = jiDC which is the same as 



equation ( [3.4.19 



4. 4>{u2iU22) = 4'{fJ'fJ'22U2i) <^ fi^^BD = fxDfi^^B 44> BD = nDB which is the same 
equation ( 3.4.16 ). 

5. 4>{ui2U2i) = <p{u2iui2) ^ fiCn^^B = fj.~^BfiC ^ CB = BC. 
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Examples and computations 



Now, BC* = C*B follows from equation ( |3.4.20| ). But by ( [SAS] ), C is normal, 
which implies BC = CB. 

6. 4>{uiiU22 - U22U11) = (/U - ^^^^)(t>{ul2U2l) <^ AD - DA = (/i - fj,^^)iJ,Cfi^^B. 

From ( |3.4.17| ), we have AD - DA = /iCB - fi-^BC = (/x - IJ,-^)CB, using 
BC = CB. 

□ 



Lemma 3.4.9. The equations ( 3.4-1 ) - ( 3.4- n ) are true when A, B, C, D are replaced 
by uii, fiU2i, fJ-^^ui2 and U22 respectively. 



Proof : We check some of the relations ( 3.4.1 ) - ( 3.4.17 by using the facts that Df^ 
is a central element of U^{2), n{uij) = u*- ( ( 1.2.8 ) ), Proposition 1.2.26 the equations 

e 
1 



( 1.2.2 ) - ( 1.2.7 ) and ( 1.2.9 ). The proofs of the others are exactly similar. 
3.4.1 ) that is, + (Ai~^^ii2)(/x~^^ii2)* 



Proof for ( 



Proof for ( 



3.4.2 



u\iUii + ll ^^12^12 = U22D^^Uu + fl ^Ui2{-fJ.U2lD^^) 
= {U22UU - IJ'^^Ui2U2l)Dj^^ = D^,D^^ = 1. 

) that is, u\lUll + f^^{^^^Ul2){^i~^Ul2)*-{{^lU2l)*^iU2l+U22U*22) = 0. 



u\iUii + /U^(/i"^ni2)(/U"^'Ul2)* - iifiU2l)* fiU2l + U22UI2) 
= k{uii)uii + Ui2k{u2i) - n{ui2)u2l + 'U22k(u22)) 
= {U22U11 - IJ.Ui2U2l)D^^ - {-flUi2U21 + U22Ull)Dj^^ 
= 0. 



Proof for ( 



3.4.6 



that is, /X^U2lU21 + IJ-'^U22U22 ~ ^^-1 = 0- 

fI^U2lU2i + IJ?U22U*22 " /"^-l 

= /i^(ti2lK(ui2) + U22I^{U22) " 1) 

= tJ''^iu2l{-fJ-^^Ui2D^^) + U22UuD^^ - 1) 

= fJ''^{{u22Uu - P''^U2lUi2)D^^ - 1) 

= t?{D,D-^^-l) 
= 0. 
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Proof for ( |3.4.7| ) that is, ti2i^in + 1^22^*12 = 0- 



Proof for ( 



3.4.9 



U2iuli + ^22^12 

= U2lK{un) + U22k{u2i) 
= U2lU22D~^ - HU22U2lD^^ 
= (■"21^22 - IJ'U22U2l)D~'^ 
= 0. 

) that is, (1 - ^^)u|2^il2 - Ai^('W22^22 - 'U22?^22) = 0- 



(1 - /i^)tii2U.12 - /i^('U22«22 - ■"22M22) 

= (1 - /U^)k(u2i)u,i2 - IJ?{k.{u22)u22 " '"22k('U22)) 
= -^(1 - IJ?){U21U12D^^) - fl^{uiiU22D~^ - U22UllD~^) 
= - /U^)(u2ini2-D^^) - n{u22UnD'^^ - MiiU22-D^^)] 

= -/i[(l - /U^)U21'"12AT^ - Kf^'^ - fJ-)ui2U2lDT^^] 



- 1?){U12U21 - Ui2U2l)D 



-1 



0. 



Proof for ( 3.4.10 ) that is, u^2''^22 — /^^^22^i2 = 0- 



lil2'"22 - fJ'U22Ui2 

= k{u2i)u22 - fJ'U22K{u2l) 

= H^U22U2lDj^^ - HU2lU22D~^ 

= ^J'{^J'U22U2l - U2lU22)D~^ 

= 0. 



Proof for ( 3.4.11 ) that is, —^,uiiu\2 + fiU2iU22 — U22U21 + 'u*2'Uii = 



-^lUiiu[2 + fJ-U2lU22 - ^l^U*22U2l + u[2Uii 
= -fJ'UiiK{u2l) + fJ.U2lK{u22) - fJ''^ k{u22)u21 + k{u2i)uii 
= -^iUii{-^lU2lD^^) + ^JiU2l{ullDJ^^) - fl^UuU2lD'^^ - HU2lUiiD'^^ 
= /U^(niiti21 - UuU2l)D~^ + IJ,{u2lUii - U2lUii)Dl 

= 0. 
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Examples and computations 



Proof for ( 3A17 ) that is, uiin22 - /u(/i ^ui2)fJ.U2i = U22U11 - fi ^{fiU2i){fJ. ^uu). 



U11U22 - Kf^~^Ui2)nU2l - U22U11 + /i~H/^'"2l)(/"^^W,12) 
= U11U22 - IJ'Ul2U2l - U22UII + fJ'^^U2lUl2 
= 0. 



□ 



Lemma 3.4.10. There is a C* action ^ ofU^{2) on SU^{2) such that (C/^(2),^) is 
an object of Obj(C) and ^ is given by : 

'^{a) = a uii + 7* 

^'(7*) = a® H~^Ui2 + 7* (8) U22- 



Proof : The homomorphism conditions are exactly the conditions ( 3.4.1| ) - ( |3.4.17 



) with A,B,C,D replaced by uu, ^U2i, ^ui2 and ^22 respectively which are true by 
Lemma I3.4.9[ 

1/2 

Clearly, ^ keeps V_^,2 invariant and the corresponding representation is a unitary. 



1/ 

It follows from Lemma 



3.4.1 



that (C/^(2), ^) is an object of C. 



□ 



Corollary 3.4.11. There exists a surjective CQG morphism from Q to U^{2) sending 
A, fj.C, n^^B, and D to uii,ui2,U2i and U22 respectively. 

Theorem 3.4.12. We have Q ^ U^{2) and hence QISO+{D) ^ C/^(2) * C(T). 



Proof : The first part follows from Lemma 3.4.8 and Corollary 3.4.11 and the second 

□ 



part follows from Theorem 3.2.22 



3.4.2 A commutative example : spectral triple on 



We consider the spectral triple {A°°,n, D) on given by = C°°(T^), H = L'^{T'^) 

L-{T-).udD={ ° d,+^d2\ 
\d1-id2 J 
where we view C(T^) as the universal C* algebra generated by two commuting 
unitaries U and V, and di and d2 are derivations on A°° defined by : 



di{U) = U, di{V) = 0, d2{U) = 0, d2{V) = V. (3.4.21) 
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The vectors ei = (1, 0) and 62 = (0, 1) form an orthonormal basis of the eigenspace 
corresponding to the eigenvalue zero. 

The Laplacian in the sense of chapter [2] exists in this case, and is given by 
C{U"^V"') = —{m? + n^)U'^V'^ . We recall that we denote the quantum isometry group 
from the Laplacian C in the sense of [30] by QISO''^ . 

Lemma 3.4.13. Let (Q, W) be an object o/Q'(L'). Then the *-homomorphism a = aw 
must be of the following form: 

a{U) = U(^zi, (3.4.22) 

a{V) = V(^Z2, (3.4.23) 

where zi , Z2 are two commuting unitaries. 

Proof: We denote the the maximal Woronowicz C* subalgebra of Q which acts on 
C(T2) faithfully by Q. 

We observe that D'^^aei) = C{a)ei for i = 1,2. Now, W commutes with D implies 
that W commutes with as well. Using this, we can show that (£ (8) id)a(a)ej = 
aC{a)ei, i = 1,2. As the pair {ei, 62} is together separating for C(T^), we conclude that 
a commutes with the Laplacian C. Therefore, Q is a quantum subgroup of QISO^'^. 

we conclude that QISO'^^ = C{T'^ X(Z^ XZ2)). Thus Q must 



From Theorem 



2.2.17 



be of the form C{G) for a classical subgroup G of the orientation preserving isometry 
group of T^, which is T'^ itself and whose (co ) action is given by C/ ^ U U and 
V^V^V. □ 

Theorem 3.4.14. The universal CQG QI SO {G°^ {T'^),TC, D) exists and is isomorphic 
with C(T2) * C(T) ^ C*(Z2 * Z) (as a CQG). Moreover, QISO+ of this spectral triple 
is isomorphic with C(T^). 



Proof: Let {Q,W) be an object in Q'{D) as in Lemma 3.4.13 Since {ei, 62} is an 
orthonormal basis for an eigenspace of Z?, we must have 

VF(ei) = ei (8)gii + 62 gi2, (3.4.24) 

W^(e2) = ei 921 + 62 ^22, (3.4.25) 

for some qij in Q. 

We now make use of the equation {D (g) id)W{Uei 1) = W{D (g) id)(C/ei (g) 1). Let 
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zi,Z2 are as in Lemma 3.4.13 We compute 



{D(E)id)W{Uei (g) 1) 
= {D(gid){a{U)W{ei^l)) 
= (Z)Oid)(C/Ozi)(ei®gii + 62 912) 
= (D O id)([/ei (g) zigii + ?7e2 Z1Q12) 
= Ue2'g ziqn + Uei(S^ ziqi2- 



On the other hand, 

W{D0id){Uei 1) 

= W{Ue2'gl) 

= W{U (gid)W*W{e2(S)l) 

= a{U)W{e2<gl) 

= ([/ zi)(ei (g) ^21 + 62 ^22) 

= C/ei (g) ziq2i + Ue2 g) 2:1922- 

By comparing coefficients of Uei and Ue2 in the both sides of the equahty {D (g 
id)VF(;7ei) = WDUei, we have, 

ziqi2 = ziq2i (3.4.26) 

and 

ziqn = ziq22- (3.4.27) 

Since zi is a unitary, we have qn = (722 and gi2 = q2i- 

Similarly, from the relation [D I)W{yei) = WDVei, we have qi2 = —921,922 = 

gii- 

By the above two sets of relations, we obtain : 
qi2 = 921 = 0, 911 = 922 = 9 ( say ). 

But the matrix | ) is a unitary in M2(Q), so 9 is a unitary. 

\ 921 922 / 

Moreover, we note that W{aei) = a{a)W{ei) for all a in C°°{T^). Using Lemma 



3.4.13 and the above observations, we deduce that any CQG which has a unitary repre- 
sentation commuting with the Dirac operator is a quantum subgroup of C(T^) * C(T). 
On the other hand, C(T^) * C(T) has a unitary representation commuting with D, 



given by the formulae ( 3.4.22 ) - ( 3.4.25| ) taking 912 = 921 = 0, 911 = 922 = 9' where 



9' is the generator of C(T) and zi, Z2 to be the generator of C(T^). This completes the 
proof. □ 
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Remark 3.4.15. The canonical grading on C(T^) is given by the operator (id 7) on 

L^(T^ (8) C^) where 7 is the matrix 

The representation o/C(T^) *C(T) clearly commutes with the grading operator and 
hence is isomorphic with QIsb{C(T^), L'^(T'^ <S) C'^), D,j). 




Remark 3.4.16. This example shows that the conditions of Theorem 3. 2. 22 are not 

necessary for the existence of QISO^ . 

3.5 QISO^ for zero dimensional manifolds 

3.5.1 Inductive limit construction for quantum isometry groups 

In this section we use the hmiting construction for an inductive system of compact 



quantum groups ( Lemma 1.2.25 ) and give an apphcation for quantum isometry groups 
which is fundamental for the results of the next section. 

The next theorem connects the inductive construction done in Lemma 11.2.251 with 
some specific quantum isometry groups. 

Theorem 3.5.1. Suppose that A is a C* -algebra acting on a Hilbert space 7i and that 
D is a (densely defined) self adjoint operator on 7i with compact resolvent, such that 
D has a one- dimensional eigenspace spanned by a vector which is cyclic and separat- 
ing for A. Let (A^)ne]N be an increasing net of a unital * -subalgebras of A and put 
A°° = UneW •^■n ■ Suppose that A°^ is dense in A and that for each a £ A°° the commu- 
tator [D,a] is densely defined and bounded. Additionally put Tin = A'^S,, let Pn denote 
the orthogonal projection on Tin cLnd assume that each Pn commutes with D. Then 



each {A'^ ^Tim D\'Hn) spectral triple satisfying the conditions of Theorem 3.2.13, 
there exist natural compatible CQG morphisms TTm,n '■ QISO^{A'^,Ti.m,D\'Hni) ~^ 
QISO+{A^,nn,D\nJ (n,me lN,m<n) and 

QlsO+{A°°,n,D) = lim QIs6+{A^,nn,D\Hj. 

Similar conclusions hold if we replace everywhere above QISO^ by QISO^. 

Proof: We prove the assertion corresponding to QISO^ only, since the proof for 
QISO~^ follows by very similar arguments. Let us denote QISO~^{A'^ ,7in, Dn) by 
Sn and the corresponding unitary representation (in Tin) by Un- Let us denote the 
category of compact quantum groups acting by orientation preserving isometries on 
{A^,nn,D\nJ and {A°°,n,D) respectively by Qn and Q. 
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Since C/„, is a unitary which commutes with Z)„ = -D|>^„ and hence preserves the 
eigenspaces of D„, it restricts to a unitary representation of Sn on each Hm for m < n. 
In other words, {Sn,Un\nm) ^ Obj(Qm)5 and by the universahty of Sm there exists a 
compact quantum group morphism, say, TTm,n '■ <Sm Sn such that (id(8>7rm,n)f^m|w„ = 

Let p < m < n. Then we have (id TTm,n'^p,m)Up\'Hp = Unlrip- It follows by the 
uniqueness of the map VTp yj that TTp^n — '^m,n'^p,rm 

that is {Sn)ne]N forms an inductive 
system of compact quantum groups satisfying the assumptions of Lemma 1.2.25 Denote 
by 5oo the inductive limit CQG obtained in that lemma, with 7r„, oo '■ Sn ^ S denoting 
the corresponding CQG morphisms. The family of formulas := (id <S) '^n,oo 

combine to define a unitary representation U of 5oo on TC. It is also easy to see from 
the construction that U commutes with D. This means that (5oo, U) E Obj(Q), hence 
there exists a unique surjective CQG morphism from S := QISO^ {A"^ ,7i, D) to Soo 
identifying Soo as a quantum subgroup of S. 

The proof will now be complete if we can show that there is a surjective CQG 
morphism in the reverse direction, identifying 5 as a quantum subgroup of Soo- This 
can be deduced from Lemma 1.2.25 by using the universality property of the inductive 
limit. Indeed, for each n £ ]N the unitary representation, say Vn, of QISO'^{A°° ,7i, D) 
restricts to Tin and commutes with D on that subspace, thus inducing a CQG morphism 
Pn from Sn = QISO~^ {A'^ ,TCn, Dn) into S. The family of morphisms {pn)n£iN satisfies 
the compatibility conditions required in Lemma 1.2.25, It remains to show that the 
induced CQG morphism poo from Soo into S is surjective. By the faithfulness of the 
representation V of QISO^ {A°^ ,7i, D), we know that the span of matrix elements 
corresponding to all Vn forms a norm-dense subset of S. As the range of p„ contains the 
matrix elements corresponding to Vn = V^|h„, the proof of surjectivity of poo is finished. 

□ 



The assumptions of the theorem might seem very restrictive. In the next section 
however we will describe a natural family of spectral triples on AF-algebras, constructed 
in [16], for which we have exactly the situation as above. 

3.5.2 Quantum isometry groups for spectral triples on AF algebras 

We first recall the construction of natural spectral triples on AF algebras due to 
E. Christensen and C.Ivan ( [16] ). Let ^ be a unital AF C*-algebra, the norm closure 
of an increasing sequence {An)ne]N of finite dimensional C*-algebras. We always put 
^0 = Cl^, A°° = U^i -^n and assume that the unit in each An is the unit of A. 
Suppose that A is acting on a Hilbert space TC and that ^ G W is a separating and 
cyclic unit vector for A. Let Pn denote the orthogonal projection onto the subspace 
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Hn '■= An^, of 7i and write Qo = Po = Pc^, Qn = Pn — Pn-i for n G iV. There exists a 
(strictly increasing) sequence of real numbers {an)^=i such that the self adjoint operator 
D = Ylni^iN ^nQn yields a spectral triple {A^^ ^TL^D). Due to the existence of a cyclic 
and separating vector the quantum group of orientation preserving isometries exists by 
Theorem [3X22 

In [16], the following fact was also observed: 

Proposition 3.5.2. If A is infinite- dimensional andp > then one can choose (a„)^]^ 
in such a way that the spectral triple is p-summahle. For this reasons, the spectral triple 
should he thought of as 0-dimensional noncommutative manifolds. 

Note that for each n G iV by restricting we obtain a (finite-dimensional) spec- 



tral triple {An,T~in^ D\'Hn) ■ As we are precisely in the framework of Theorem 3.5.1 
to compute QISO~^{A°°,'H^D) we need to understand the quantum isometry groups 
QI SO~^ {A^ ^Tin-: D\i-i„) and embeddings relating them. To simplify the notation we 
win write Sn := QI S0+ (An, Tin, D\n^). 

We begin with some general observations. 

Lemma 3.5.3. Let Qhlj\^^^^^ denote the universal quantum group acting on An and 
preserving the (faithful) state on An given by vector ^ (see [60]). There exists a CQG 
morphism from Qly(An,ui^ to Sn- 

Proof: The proof is based on considering the spectral triple given by (^„, Hn, D'^), 
where D'^ = P„— Pq- It is then easy to see that QISO~^{An, 'Hn, D'n) is isomorphic to the 
universal compact quantum group acting on An and preserving uj^. On the other hand 
universality assures the existence of the CQG morphism from QISO^{An,'Hn, D'n) to 
Sn. □ 

Lemma 3.5.4. Assume that each An is commutative, An = C^" , n G IN. There exists 
a CQG morphism from QUkn to S^^, where QUk„ denotes the universal quantum group 
acting on kn points ( [60]). 

Proof: We observe that for any measure /x on the set {l,...,/c„} which has full 
support there is a natural CQG morphism from QUk„ to QUi^kn^^. In case when is 
uniformly distributed, we simply have QU^k^ ^ = QUk„, as follows from Lemma 



1.2.33 



□ 



Let an '. An — > An ® Sn denote the universal action (on the n-th level) . Then we 
have the following important property, being the direct consequence of the Theorem 
Kfn\ We have 

an+l{An) C An ® Sn+1 (3.5.1) 
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(where we identified An with a subalgebra of ^ri+i) and 5„ is generated exactly by these 
coefficients of Sn+i which appear in the image of An under Un+i- This in conjunction 
with the previous lemma suggests the strategy for computing relevant quantum isometry 
groups inductively. Suppose that we have determined the generators of 5„. Then Sn+i 
is generated by generators of Sn and these of the QU_a^^^j^, with the only additional 



relations provided by the equation ( 3.5.1 



This will be used below to determine the concrete form of relations determining Sn 
for the commutative AF algebras. 

Before stating the next result, we fix some notations. Let An be a sequence of 
commutative finite dimensional C* algebras as above. Let An = C{Xn) where X„ = 
{xi,X2., ...,Xra}- Dualizing the embedding from An to An+i-, there is a surjective map, 
say fn+i,n from Xn+i to X„. Let li denote the cardinality of the set {x S Xn+i ■ 
fn+i,nix) = Xi}. Thus the embedding of An into An+i is determined by the sequence 
{li : i = 1, 2, m}. We note that the cardinality of Xn+i equals YlT^i ^i- Moreover, a 
basis of An+i is given by {ci^r^ '■ fi G {l,2,.../i}} where ei^n is the indicator function 
of an element y of Xn+i such that = Xi and y is the th element in Xn+i 

belonging to 

Lemma 3.5.5. Let A he a commutative AF algebra. Suppose that An is isomorphic 
to C™' and the embedding of An into An+i is given by a sequence {li)i^i- Let m' = 
YlT^i^i- Suppose that the 'copy' of QUm in Sn is given by the family of projections 
( {1; • • • '"^l ) ^^'^ ihat the 'copy' of QlAm' in Sn+i is given by the family of 

projections O(i,r0,0>j) (^^3 ^ £ Sj G {l,...,lj}). Then the 



formula ( 3.5.1 ) is equivalent to the following system of equalities: 

k 

X] Hi,ri),(j,sj) (3-5.2) 



— 

ri=l 

for each i, j £ {1, . . . , m}, Sj G {1, . . . , Ij}. 

Proof: We have (for the universal action a : An An (8) Sn) 

m 

aici) = '^ej '^cLij, 
i=i 

where by we denote the image of the basis vector G An in An+i- As ej 

k k m Ij 

ri=l ri=l j=l Sj=l 
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On the other hand we have 



a 



j = l Sj = l 



and the comparison of the formulas above yields exactly ( 3.5.2| ) . 



□ 



One can deduce from the above lemma the exact structure of generators and relations 
between them for each 5„ associated with a commutative AF algebra. To be precise, if 
An = C^" for some fc„ G M, then the quantum isometry group Sn is generated as a unital 
C*-algebra by the family of self adjoint projections Ur=i{"ai,ft • c^i'A = I)""" ,h} 
such that for each fixed i = 1, . . . ,n the family {0(0-^/3^) : = 1, • • • , ki} satisfies 

the relations of QUkn and the additional relations between a(a.,/3.) and a(Q-^;^,/3^_^i) for 
i £ {1, . . . ,n — 1} are given by the formulas ( 3.5.2 ), after suitable reinterpretation of 
indices according to the multiplicities in the embedding of C'^' into C'^*+^ . 



Chapter 4 



Quantum isometry groups for 
Rieffel deformed manifolds 

In this chapter, we give a general scheme for computing QISO'-' and QISO^ by proving 

that QISO'', ( respectively QISO^ ) of a deformed noncommutative manifold coincides 
with (under reasonable assumptions) a similar deformation of QISO'', ( respectively 
QISO~^ ) of the original manifold. 

4.1 Deformation of spectral triple 

We recall from Chapter [T] the generalities of CQG s and Hopf algebras, in particular, 
the dense unital Hopf *-subalgebra Sq of a CQG S generated by the matrix elements 
of the irreducible unitary representations, the Sweedler convention for CQG action, as 
well as the convolutions f < c, of and fog for functionals f,g on S and c in 5. 
Moreover, given an action 7 : i3 ^ i3 55 5 of the compact quantum group (5, A) on a 
unital C*-algebra A, the dense, unital *-subalgebra of A on which 7 becomes an action 
by the Hopf *-algebra Sq is going to be denoted by ^o- 

A word of caution: The algebra ^0 should not be confused with the Rieffel deformed 
C* algebra Aj in the case J = 0, for which we simply write A. 

Let (5, As) be a compact quantum group. We also adopt the convention of calling 
a vector space M an 5 co-module if it is an algebraic Sq co-module in the sense of 
definition 

Before introducing the set up in which we are going to work, we prove the following 
well known fact for the sake of completeness. 

Proposition 4.1.1. Let E be a Banach space and G a second countable Lie group with 
a strongly continuous action a on E such that \\ag[x)\\ = ||x|| for all g in G and for all 
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X in E. Then E°° = {e & E : g ^ ag{e) is C°°} is norm dense in A- 

Proof: For a compactly supported continuous function f on G and a in E, we will 
denote by a(/)(a) the norm convergent integral Jq f{h)ah{a)dh where d,h denotes a left 
invariant Haar measure on G. Then, it can be seen that ag{a{f)a) = f{g^^h)afi{a)dh. 
Thus, for / in C^(G), a(/)(a) is in £'°°. Now, for any e > 0, we choose a small enough 
neighbourhood U of identity of G, such that ||ag(a) — a\\ < e for all g in U. Next, we 
choose / in G'^{G) with / > 0, j'^ fdh = 1 and supp(/) C U. Then, 



\a{f){a)-a\\ 

/ f{9)ag{a)dg - a / f{g)dg 
iG JG 

/ f{9){ag{a) -a)dg 
IG 

< / fig) \\oig{a) - a\\ dg 
JG 



< e. 



This shows that E°° is dense in E. 



□ 



Lemma 4.1.2. Let A be a C* algebra with a strongly continuous action a of G as 
above. Then A"^ is closed under holomorphic functional calculus. Let (j) be a positive 
linear map from A°° to another C* algebra B. Then, for any self adjoint element x in 
||</>(a;)||<||x||</>(l). 

Proof: The first fact is quite well known. We refer to [52] for a proof. For the second 
part, let x be a self adjoint element of A^. Then, y = (1 + e) ||x|| — a:; is a positive 

and invertible element ( since its spectrum does not contain zero ) of .4°°, which being 
closed under holomorphic functional calculus, is closed under taking square root of an 
invertible element. Thus, belongs to A°° and therefore = (t>{{y^)* y"^) > 0. This 
proves the Lemma. □ 



Let {A,T"-,P) be a C* dynamical system, that is, A is endowed with a strongly 
continuous action of T" by * automorphisms. Moreover, ttq : A ^ ^0^) be a faithful 
representation, where 7^ is a separable Hilbert space. 

Let .4°° be the smooth algebra corresponding to the T" action (3. 

Assume now that we are given a spectral triple {A°°,Tro,H,D) of compact type. 

Suppose that D has eigenvalues {Aq, Ai, } and Vi denotes the (finite dimensional) 

eigenspace of Aj and let Sqq denote the linear span of {Vi : i = 0,l,2,..}. 

Suppose, furthermore, that there exists a compact abelian Lie group T*^, with a 
covering map 7 : T*^ — > T". The Lie algebra of both T" and T" are isomorphic with 



109 



Deformation of spectral triple 



and we denote by e and e respectively the corresponding exponential maps, so that 
e{u) = e{27riu),u £ M" and 7(e(tt)) = e{u). By a slight abuse of notation we shall 
denote the M"-action /3g(„) by 

Assumption: 

There exists a strongly continuous unitary representation , ^ G T" of T" on 7^ such 
that 

(a) VgD = DVg for all g, 

(b) V^7ro(a)V^~^ = 7ro(/3p(a)), where a belongs to A, g belongs to ¥"■, and g = 7(5). 

We shall now show that we can 'deform' the given spectral triple along the lines 
of [19]. For each J, the map ttj : A°° hin(7i°°) (where TC°° is the smooth subspace 
corresponding to the representation V and Lin(V) denotes the space of linear maps on 
a vector space V) defined by 



clearly maps 7^°° into Ti°°). 

We can extend the action of on the C* subalgebra ^1 of B{7{) generated by 
7ro(^), {e**^ :teR} and elements of the form {[D, a] : a e ^°°} by pg{X) = VgXVg-^ 
for all X in Ai where by an abuse of notation, we denote the action by the same symbol 
p. Let A'l' denote the smooth vectors of Ai with respect to this action. We note that 
for ah a in , [D, a] belongs to Af. 

Lemma 4.1.3. (3 is a strongly continuous action (in the C* -sense) o/T" on Ai and 
hence for all X in Ai°° , 7rj(X) defined by 



is a bounded operator. 

Proof: We note that /? is already strongly continuous on the C* algebra generated 
by 7ro(.4), {e**-^ : t G M}. Thus it suffices to check the statement for elements of the 
form [D, a] where a belongs to .4°°. 

To this end, fix any one parameter subgroup gt of T" such that gt goes to the 
identity of T" as t ^ 0. Let T/, Tt denote the group of normal *- automorphisms on 
B{n) defined by r/(X) = Vg,XVg-i and ft{X) = e^^^Xe'^^^. As Vg, and D commute, 
so do the generators of T/ and Tj . In particular, each of these generators leave the 
domain of the other invariant. Note also that A°^ is in the domain of the both the 
generators, and the generator of Tt is given by [D, •] there. Thus, for a in A°^ , we have 



Trj{a)s = axjs:= 




Pju{0')Pv{s)e{u.v)dudv 



extends to a *-representation of the C*-algebra .4°° in B{Ti) where /3„ = V5^(„) ( which 
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a, [D,a\ belong to Dom(H) (where H is the generator of T/), and E{[D,a\) = [D,E{a) 
belongs to B{7i). 

Using this, we obtain 

\\Ti{[D,a])-[D,a]\\= f n{E{[D,a]))ds < t\\E{[D,a])\\ . 

Jo 



The required strong continuity follows from this. Then applying Proposition 1.3.5 to 
the C* algebra and the action /?, we deduce that Trj{X) is a bounded operator. □ 

Lemma 4.1.4. For each, J, (Ay ,iTj,7i, D) is a spectral triple, that is, [D,TTj(a)] belongs 
to B{n) for all a in Af . 

Proof: [D,TTj{a)]{s) = Dj J [5ju{a)l5v{s)e{u.v)dudv - j J f5ju{a)f5v{Ds)e{u.v)dudv. 



Using ( 1.3.1 ) and closability of D, we have 



Dj J l3ju{a)Py{s)e{u.v)dudv = f f D{(3ju{a)(3y{s))e{u.v)dudv. 
As D commutes with V, the above expression equals 



// 



D{Pju{a)Pv{s))e{u.v)dudv 



(jju{a)D j3v{s)e{u.v)dudv . 



So we have 



[D,T:j{a)]{s) = J J [D,Pju{a)]Py{s)e{u.v)dudv 

= 11 VyjD,a]Vy^-^K{s)e{u.v)dudv 
= 7rj([L>,a]), 



which is a bounded operator by Lemma 4.1.3 



□ 



4.2 Some preparatory results 

In this section, we prove some preparatory results which will be needed in the next two 
sections. Let T", T",/3, /3, 7 be as in the previous subsection. By abuse of notation, 
we will use the symbols f3 and /? for the corresponding comodule maps also. Let 7*, 7* 
be the canonical maps induced by 7 from C(T") C(T"') and Lie(T") — > Lie(T") 
respectively. Moreover, from now on, we will identify Ay with ttj{A°^) and often write 
7ro(a) simply as a. 
Assumption 
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2a. Let (Q, A) be a CQG and Q a Woronowicz C* subalgebra of Q. Let there exist 
unital *-subalgebra ^ -^j which is norm dense in every Aj, such that a is an action 
: a(7ro(^o)) ^ '''"o(-^o) ® Qo- Let Sq be a vector subspace of W ( not necessarily closed ) 
such that there is a map a : Sq ^ Sq (daig Qo making it into an algebraic Qo co module. 
Moreover, (id vrg)a = (3. 

2b. C(T") is a quantum subgroup of Q, the quotient map being denoted by tTq. 

2c. 5(as) = a(a)5(s) for a in s in Sq. 

We recall that we shall denote by rj the canonical homomorphism from M" to T" given 

by ri{xi ) = (e(2;i), e(x2), , e(x„)). Moreover, we define := eVe(u)07rg, 

:= eVe(„) o TTq, for u in i?", where ev^^ (respectively evx ) denotes the state on 
C(T") ( respectively, on C(T") ) obtained by evaluation of a function at the point x 
(respectively x). 

We now make some observations. 

Lemma 4.2.1. 1. From assumption 2c., it follows that adg = a. 

2. (id (g) 7rg)ad(5) = ad^. 

3. px = (id® f2(x))5. 

4. px = (id® J^(x))a. 

5. (-f*)~^ otTq is a surjective C* homomorphism from Q to C(T"') identifying C(T") 
as a quantum subgroup of Q. 



Proof : By using ( 1.2.1 ), we have 



ad5(a)s 

= 5(a ® id)5~"^(s) 

= 5(a (g) id)(s(i) (g) k(s(2)) 

= 5(as(i)) k;(s(2)) 

= a(a)5(s(i)) (g) k(s(2)) 

= a(a) (5 (g id) (id (g k)5(s) 

= a(a)(5 (g id)(5~"^ (g id)(s) 

= a(a)s, 



where we have used Sweedler notations. This proves 1. 
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2. follows from 1. and the fact that vrg is a homomorphism. 

= P{h){e{x)) = (id (g) 7r5)5(/t)(e(x)) = (id (g) ev-g(^^)7rQ)a{h) 
= (id(g)0(x))5(/i). 

Therefore, Px = (id (8) r2(x))5. Similarly, 4. follows from 2. 

We now prove 5. Let us denote by 7* the dual map of 7, so that 7* : C(T"') C(T") 
is an injective C* -homomorphism. It is quite clear that {id it q) o a(Ao) ^ Im(id(g)7*), 
hence it follows that tTq^Qq) C Im(7*). Thus, ttq := (7*)"^ o tTq is a surjective CQG 
morphism from Q to C(T'^), which identifies C(T") as a quantum subgroup of Q. □ 

For a fixed J, we shall work with several multiplications on the vector space Ao C^aig 
Qo- We shall denote the counit and antipode of Qo by e and k respectively. Let us 
define the following operation : 

xQy= / e{—u.v)e{w.s){Q{—Ju)<x\>{U{Jw))){U{—v)<y>Q{s))dudvdwds, 

where x, y belong to Qo- Then is a bilinear maps, and will be seen to be associative 
multiplication later on. 

We note that when x is in Qo, / in C(T"), j*{f){e{u) = f{j{e{u)) = f{e{j^{u))) = 
f{e{u)) ( as 7 is a covering map ). Using this, we have 

{n{u) (g) id)A(x) 
= {eVe(u)^Q ® id)A(a;) 
= (et'g(„) 7* TTQ 0id)A(x) 

(as 7*7rQ = TTg) 
= {eVe{u)T^Q ^ id)A(x) 
= (0(«) 0id)A(x) 

and thus when x belongs to Qo, 

{h{u) id)A(x) = {n{u) id)A(x). (4.2.1) 

Moreover, we define bilinear maps •, "j, by setting (a (gi x) • (5 (8) y) := ab x Q 
y, (a (g) x) •j {h (g) y) := (a x j 6) (g (x y), for o, h in ^0, x,y in Qo. 
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Lemma 4.2.2. For x in Qq, we have 



For X in Qq, we have 



Q{u) <i x) = {Q{u) o ^{v)) < X. 



Vl{u) {^{v) <\x) = {^l{u) o ^{v)) < X. 



Proof : We will denote by /S.^^ the coproduct on C(T"'), hence, we have 



(4.2.2) 



Moreover, we note that as T" is a commutative group, fog = g o f for any two 
functionals / and g on C(T"). 

0(u) {^{v) x) 



®\d)/\{Vt{v)<ix) 

®id)A(17(t.)(x(i)).X(2)) 
®id)^{X(^2))^{v){x^^)) 

(g) r2(u) ® id)(x(i) (g) 2;(2)(i) O x^2){2)) 
® h{u) id)((id A)A(x)) 
17(u) (g) id)((A id)A(x)) 
(g) r2(u))A(x(i)) (g) 2;(2) 



(ef^(^) ef^(„))(7rg ® 7rg)A(x(i)) X(2), 



which by ( 4.2.2 ) equals 



= (eWr,(n) O eV^{v)){'^Q{x(l)) X^2)) 

= f2(v))A(2;(i)) 0X(2) 

= ol7(7;))(x(i)) (g 2;(2) 

= ((f2(u)oO(i;)) 0id)A(x) 



The second part follows from this and using ( [4.2.1 ) 



□ 
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Lemma 4.2.3. The map satisfies 

{Q,{Ju) < x) Q {^{v) <iy)e{u.v)dudv = / {x t> {Q{Ju))){y > Q,{v))e{u.v)dudv, 

for x,y in Qq. When x,y are in Qo, we have 

/ {^{Ju) < x) Q {^{v) <y)e{u.v)dudv = / {x > {^{Ju))){y > ^{v))e{u.v)dudv. 
Proof : The expression in the left hand side equals 

{0,{Ju) <x) Q {^{v') < y)e{u .v')du dv 

{ / e{-u.v)e{'w .s){Q,{- Ju) < {Q,{Ju) <i x) > Q,{Jw)) 
{Vl{—v) < (Jl(f') <y)> ^{s)) dudvdwds}e{u' .v')du' dv' 



{n{j{u' - u)) <x)> n{jw)){n{v' -v)<y> n{s)) 

e{u'.v')e[—u.v)e{w.s)dudvdwdsdu'dv' 



e{w.s)dwds{ / e{u .v )e{—u.v)dudvdu dv 
{0,{J{u - u)) Xuj){0,{v' -v)< ys)}, 

where > ^}{Jw),ys = y> 

The proof of the lemma will be complete if we show 

e{u .v')e{—u.v)(i^{J(u' — u)) < Xw){^l{v' — v) < ys)dudvdu dv' = Xu,.ys- 

By changing variable in the above integral, with z = u' — u,t = v' — v, it becomes 
J^47i e{—u.v)e{{u + z).{v + t))(p{z, t)dudvdzdt 
= /[g4„ (p{z, t)e{u.t + z.v)e{z.t)dudvdzdt, where 

cl){z,t) = {n{J{z))<x^){n{t)<ys). 

By taking {z,t) = X,{v,u) = Y, and F(X) = (j)(z,t)e{z.t), the integral can be written 



as 



j j F{X)e{X.Y)dXdY 



F(0) ( by Proposition [TXT] ) 
(17(J(0))<x^)(O(0)<y,) 
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since 



r2( J (0)) <Xw = {eVjj^Q-jTTQ (g) id)A(x^) = (e^ o vrg id)A{xw) = (e id) A(x^) = x^, 

and similarly 17(0) <ys = Us, where e^^ denotes the counit of the quantum group C(T"'). 

This proves the claim and hence the first part of the Lemma. The second part 
follows from this and ( 4.2.1| ) . □ 



Lemma 4.2.4. We have for a in Aq, s in Sq, 

a0u{s)) = S(i) (id h{u)){A{s^2))), (4.2.3) 

a{pu{a)) = a(i) (id ® 17(u))(A(a(2))). (4.2.4) 
Proof : I3u = (id evu o vf)5. We have 

Puis) 

= [id (g) h{u))a{s) 

= (id (g) r2(u))(s(i) (g) S(2)) 

= S(1)(^^(^^))(S(2))- 

This gives, 

a{(3uis)) 
= S(s(i))(7(u)(s(2)) 
= (id (g) id (g) 17(n))(a(s(i)) (g) S(2)) 
= (id® id® 17(n))((5®id)a(s)) 
= (id®)id®)17(n))((id(g A)5(s)) 
= S(i) (g (id(gO(u))A(s(2)). 

Proceeding in a similar way, we obtain (3u{o) = a(i)(r2(ti))(a(2)) for all a in ^-nd 
hence a{j3u{a)) = a(i) (g (id (g r2(u))(A(a(2))) for all a in ^o- ^ 

Lemma 4.2.5. For a// s in So,a in Aq, we have 

a{a xjs)) = a(i)S(i) (g ( / / (a(2) > ^(>^'u))(s(2) ■> ^7(w))e(u.v)dudw). (4.2.5) 
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For a, b in Aq, we have 



a{a Xjb) = a(i)6(i) CSi ( / / (a(2) i> ^(■/'u))(^(2) ^ ^{v))e{u.v)dudv) . 



(4.2.6) 



Proof : Using the notations and definitions in section 1.3 we note that for any 
/ : ]R2 ^ C belonging to B{W^) and fixed X in E{ where S is a Banach algebra ), the 
function F{u,v) = xf{u,v) belongs to ]B^{M?) and we have 



Then, 



X { I J f{u,v)e{u.v)dudv) 

X (lim / / {f 4)p){u,v)e{u.v)dudv) 



X f{u,v)e{u.v)dudv. 



a{a Xjs) 
= a{ I (5ju{a)(3v{s)e{u.v)dudv) 



a[ I / a^i){VL{Ju)){a^2))s{i){VL{v)){s(2))e{u.v)dudv) 

«((a(i)S(i)) j j {9.{Ju)){a(^2)){^{v)){s(^2))e{u.v)dudv) 

a(«(i))a(s(i)) j j {^{Ju)){a(^2)){^{v)){s^2))(i{u.v)dudv 
( by assumption 2.c ) 

a(a(i))(r2(Ju))(a(2))5(s(i))(17(t>))(s(2))e(u.f)dM(i7; 

a(a(;^)r2( Jii)(a(-2)))5(s(i')r2(u)(s(2)))e(n.u)(iti(ii' 

ju{o))oL{Pv{s))e{u.v)dudv 



(a(i) ® (id Jl(Ju))(A(a(2))))(s(i) (id ® 17(u)))(A(s(2))) 
e(n.i;)(fu(i^; 



( using Lemma 4.2.41 

0(1)5(1)0 / I {a{2)>^{Ju)){s(2)>^{v))e{u.v)dudv. 



□ 
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Lemma 4.2.6. For s in Sq, a in Aq 



a{a) "J a(s) = a(i)S(i) ( / j Ju) < a(2)) {^{v) < S(^2))^{u-v)dudv. (4.2.7) 
For a, b in Aq, 

a(a) •j a{b) = a(i)^'(i) { / / {^.{Ju) < a(2)) {^{v) < h{2))e{u.v)dudv] . (4.2.8) 
Proof : We have 



a(a) •j a{s) 

= (a(i) a(2)) (s(i) S(2)) 

= 0(1) XJ ■S(l) (a(2) S(2)) 

(iju{a^i))]3^{sf^i))e{u.v)dudv (a(2) S(2)). 



Let e be the counit of Q. So we have (id e)a = id and (id e)a = id. This gives, 
a{a) a{s) 

(id e)a(/3j„(a(i)))(id e)a{[3y{s(^i))e{u.v)dudv (a(2) S2). 



4.2.4 



/ /(id e)(Q(/3j„(a(i)))(id e)(a(/?^(s(i)))) 



Note that by Lemma 
e{u.v)dudv 

= J /(id0e)(a(i)(i) 0(id0l7(J'u))(A(a(i)(2))))(id0e)(s(i)(i) 0(id0 
J7(ti))(A(s(i)(2))))c(w.u)du(i7; 

= / /(id e)(«(i)(i) ® («(i)(2) > S^(Ju))(id e)(s(i)(i) (■S(i)(2) > ^{v)))e{u.v) 
dudv 

= f f (^{i){i)S{i)ii)4(^{i){2)>^{Ju))e{s(^i)(^2)>^{v))e{u.v)dudv. 

Using the fact that / oe = eo/ = / for any functional on Qq, one has e(a(i)(2) ■> 
r2(Jn)) = r2( Ju)(a(i)(2)) and e(s(i)(2) i>^^(w)) = J7(f )(s(i)(2)), from which it follows that 



a(a) "J a(s) 



«(i)(i)'S(i)(i) / / n(Jn)(a(i)(2))n('(;)(s(i)(2))e(u.f)(iMdz; (a(2) S(2)) 



(id r2( Jii) id)(a(i)(i) a(i)(2) a(2)) • (id ^{v) id)(s(i)(i) 
■5(i){2) S(2))^['^-'^)dudv 
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(id (E) n{Ju) (E) id)(a(i) A(a(2))) • (id {n{v) id))(s(i) A(s(2))) 
e{u.v)dudv 

{a(i) (Xi (r2( Jti) (Xi id)A(a(2))} • 53 (^(f ) id)A(s2)}e('u.'L')(indv 



a/ 



(i)S(i) ® / / {{^(Ju) (g) id)A(a2)) {^{v) ® id))A{s^2))e{u.v)dudv 



( 6y ( |4.2.1| )) 

0(i)S(i) ® / / (^('^^) 0(2)) (^('w) <i S(2))e{u.v)dudv^ 



where we have used the relation (a id) a = (id (8) A) a to get a(i)(i) o^(i)(2) '^{2) = 
0(i) (g) A(a(2)) and similarly (g) S(i)(2) S(2) = ® A(s(2)). □ 



Combining Lemma 4.2.3 Lemma 4.2.5 and Lemma 4.2.6 we conclude the following. 
Lemma 4.2.7. For a in Aq, s in Sq, we have 



For a, b in Aq, we have 



a{a) • J a{s) = a{a xj s). 



a{a) •j a{h) = a(a x j h). 



(4.2.9) 



(4.2.10) 



We shall now identify with the multiplication of a Rieffel-type deformation of 
Q( Q )• We discuss the case for Q, that of Q being similar. Since Q has a quantum 
subgroup isomorphic with C(T"), we can consider the following canonical action x of 



p27i 



on Q ( as in ( 1.3.8 ) ) given by 



X(s,u) = {^{-s) id)A(id J7(m))A. 

Now, let J := — J© J, which is a skew-symmetric 2n x 2n real matrix, so one can deform 
Q by defining the product of x and y (x, y belonging to Qo) say) to be the following: 



Xj(„_u,)(2;)x«,s(y)e((u, w).{v, s))d{u, w)d{v, s). 

We claim that this is nothing but introduced before. 
Lemma 4.2.8. 



X Q y = X X jy for all x, y G Qo 
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Proof : Let us first observe that 

= (i7(Ju) ®id)A(id® l^(Ju;))A(x) 
= 0( Jti) <i X t> i7( Jw), 

and similarly X{v,3){y) = ^{-v) <yf> fl{s). 
Thus, we have 

xQy 

Ju) <x> ^l{Jw)){^}{—v) <y> Q.{s))e[—u.v)e{w .s)dudvdwds 
{yL{Ju) <ix\> il{Jw)){yi{—v) <iy> Vl{s))e{u .v)e{w.s)du dvdwds 



Xj(^^^^){x)X(v,s){yy{{u, w).{v, s))d{u, w)d{v, s), 

which proves the claim. □ 
Let us denote by Qj { Qj ) the C* algebra obtained from Q ( Q ) by the RiefFel 



deformation w.r.t. the matrix J described above. We recall from subsection 11.3.11 that 
the coproduct A on Qo ( Qo ) extends to a coproduct for the deformed algebra as well 
and (Qj, A) ( (Qj, A) ) is a compact quantum group. 



4.3 QISO^ of a RiefFel deformed noncommutative mani- 
fold 

4.3.1 Derivation of the result 



oo 



In this subsection, our set up is as in section 4.1 so that we have spectral triples on A 
for each J. 

Lemma 4.3.1. Suppose that {Q,U) belongs to Ohi{Q{A,Ti., D)), and there exists a 
unital *-subalgebra Aq C A which is norm dense in every Aj such that 

«l/(^o(-^o)) ^ '''"o(-^o) 'i^aig Qo, whcrc Q ^ Q is the smallest Woronowicz C* subal- 
gebra such that au{Ao) C 7ro(.Ao) Q, and Qq is the H op f *- algebra obtained by matrix 
coefficients of irreducible unitary (co) -representations of Q. Also, let So = spanjas : 
a G s G 5*00} 5 Then we have the following: 

(a) U{So) C So ®aig Qo- 
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(b) a := C/|5q : Sq ^ So ®aig Qo makes Sq an algebraic Qo co-module, satisfying 

a{TTo{a)s) = au{a)a{s) for all a in Aq, s in Sq- 

Moreover, i/(C(T"), is a sub object of Q in Q(^, D) such that V{.®\d)V* = P, 
then C(T"') is a quantum subgroup of Q. 

Proof: U commutes with D and hence preserves the eigenspaces of D which shows 
that f7 preserves Sqo- Then, U{as0l) = a{a)U{s0l) C (A«> Qo)(5'oo® Qo) ^ 5o®Qo- 
Thus, the first assertion follows. 

The second assertion follows from the definition of a and aij. The third assertion 
follows as in Lemma I4.2.1I □ 

Remark 4.3.2. From the definitions of Aq and Sq, it follows that 

(i) 7ro(A)5o C So, 

(a) /3g(A) ^ A for all g. 



Let us now fix the object (Q,C/) as in the statement of Lemma 4.3.1 We recall 
that using the identification of Qo as a common vector-subspace of all Qj, we shall 
sometimes denote this identification map from Qq to Qj by pj. 

Let us consider the finite dimensional unitary representations C/^*^ := U\y^^ where Vi 



is the eigenspace of D corresponding to the eigenvalue Aj. By Corollary 1.3.14, we can 
view as a unitary representation of Qj as well, and let us denote it by ?7j ^. In this 
way, we obtain a unitary representation Uj on the Hilbert space which is the closed 
linear span of all the V^'s. It is obvious from the construction (and the fact that the 
linear span of V^'s, that is 5o, is a core for D) that UjD = [D ® I)Uj. Let aj := auj- 
With this, we have the following: 

Lemma 4.3.3. For a in Aq, we have aj{a) = (a(a))j = (vrj pj){a{a)), hence in 
particular, for every state (j) on Qj, (id (8) </>) o aj{Aj) C Aj. 



Using the equation ( 4.2.9 ), we have for all s in So,a in Aq, 



aj{a)Uj{s) 
= Uj{-nj{a)s) 
= a{a Xjs) 
= a{a) • J a{s) 
= {a{a))jUj{s), 
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from which we conclude by the density of Sq in 7i that aj{a) = {a{a))j belongs to 
vr j{Ao) Qj. The lemma now follows using the norm-density of in -^J- ^ 

Corollary 4.3.4. (Qj, Uj) is an orientation preserving isometric action on the spectral 
triple {Ay,n,D). 

We shall now show that if we fix a 'volume-form' in terms of an i?-twisted structure, 
then the 'deformed' action aj preserves it. 

Lemma 4.3.5. Suppose, in addition to the set-up already assumed, that there is an 
invertible positive operator R onTC such that {A°°,TC, D, R) is an R-twisted Q-summable 
spectral triple, and let he the corresponding 'volume form'. Assume that ajj preserves 
the functional th- Then the action auj preserves tji too. 

Proof : Let the (finite dimensional) eigenspace corresponding to the eigenvalue of 
Dhe,Vn--^sU commutes with there exists subspaces Vn^k of and an orthonormal 
basis {ej''^} . for Vn,k such that the restriction of U to Vn,k is irreducible. Write U{e^'^ (E> 
1) = tl^. Then, U*{ef) = e^' €D t^. 

Then H will be decomposed as 7i = ©n>i, kyn,k- 

Let R{eY) = J2s,t^n{i,j,s,t)et'\ 

By hypothesis, U{.(did)U* preserves the functional rij(-) = Tr{R •) on where Sd 



is as in Proposition 3.2.7 that is the weakly dense * subalgebra of B{H) generated by 
the rank one operators >< 7/| where rj are eigenvectors of D. Thus, (r/{(8)id)(?7(X(8) 
id)U*) = Tii{X).lQ for ah X in Sd- 
Then, for a in S^, we have: 

{TR(g)h){Uj{a(^l)U*j) 

= Yl ® 1' ^-^(^ ® m*ARe]'' 1)) 

= E {U*j{ef <^l),{a<g)l)U}{Fn{i,j,s,t)e'^'' 

n,i,j,s,t 

= Yl Fn{i,j,s,t){el'^'0{tl,r,{a0l){e^'^^{tli 

n,i,j,s,t,k,l 

= Y Fn{hj,s,t)(el'\aer)hj{{tl,)xj{t 

n,i,jyS,t,k,l 

= Y Fr.{i,j,s,t)(el'\aer)ho{tlktin 

n,i,j,s,t,k,l 

= {TR^h){U{a(g)l)U*) 
= TR{a).l 



tliT) 



where hj{{t'^^) x j (t";)*) = ha{t^k^^i*) ^ deduced by using Lemma 



1.3.10 
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Thus {tr h)Uj{a ® id)Uj* = TR{a).l 

Let (r/j (g) h)Uj{X ig) id)f7j = (r/j * h){X). As {7j(- id)C/j keeps i^z) invariant, we 
can use S weedier notation: Uj[a(^l)Uj = a(i) 00(2); with a, a(i) belonging to if/), a(2) 
belonging to Qj, to have 



{TR*h® \d)Uj{a (g> \d)Uj 

= {tr ® /i)([/j(a(i) id)C/j ) (g) a(2) 

= (r_R /i id)(a(7 (gi id)a;7(a) 

= (ri{0/iOid)(id® A)a[/(a) 

= (ri{Oid)(id® (/i(g)id)A)a(7(a) 

= {TR®\d){\d(^h{.).l)au{a) 

= {id(g) h{.). 1) {TR(g) id) au (a) 

= (id0/i(.).l)r(a).l 

= T(a).l. 



Thus, 



(rij®id)(C/j(a® l)C/j ) 
= {TR*h0 id){Uj{a (g) l)Uj ) = {tr* /i)(a(i))a(2) 
= (t/j (g) /i (g) id)(a(i)(i) (g a(i)(2) (g a{2)) = (t/j (g /i (g id)(id gi Aj) 

(^(o0l)^*) 
= TR{a(i)){h (g id) o Aj(a(2)) = T/?(a(i))/i(a(2)).lQ- 
= (tr /i)(a(i) a(2)) = (r/f^ * h){a).lQ-- = TR{a).lQ--. 



□ 



Remark 4.3.6. If QISO^{A'^ ,n, D) ( QISO+{A°° ,n, D), if it exists ) has a C* 
action, then from the definition of a C* action, we get a subalgebra Ao as in Lemma 



.3.1 Thus, the assumptions of section \4-^ are satisfied so that the conclusions in 



that subsection hold for QISO^{A°^,n,D) ( QISO+{A°° ,n, D)).. Similarly, the con- 



clusions of Lemma 4-3.1 and the subsequent Lemmas hold for QISO]^{A°° ,7i, D) ( 
QISO+{A'^,n,D)). 

For any two compact quantum groups {Si,U'^'^) and {S2,U'^'-^) in Q'{Aj,7i, D), we 
write Si < S2 if Si is a sub object of ^2 in the category Q'{Aj,Ti., D). 
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Lemma 4.3.7. IfGi,G2 be two CQG s such that Gi < G2 in the category Q'{Aj,Ti., D), 
If (Gi)j and [G2)j make sense, then {Gi)j < (^2)7 in the category Q' {Aj,7i, D). 

we see that {Gi)j is an object in the category 



Proof : From Corohary 



4.3.4 



Q'(^ jjW, D). Let 712 be the morphism from G2 to Gi in the category Q! and tti be the 
morphism from Gi to T" in the same category. Let A*, x j, denote respectively the 
coproducts, products and M^" action on i = 1,2. 

As the quantum group structure is not altered under Rieffel deformation, to prove 
the Lemma, it is enough to show that 7r2 is a homomorphism from {G2)j to {Gi)j. 

In any CQG (Q, A), f^g linear functionals on Q and for all a in Qo, (/ ® 
id)A(id ® g)A{a) = (/ id)A(a(i))5(a(2)) = (/ id)(a(i)(i) ® a (^1) {2)) 9 {a (2)) = 
/(a(i)(i))5(a(2))a(i)(2) = (/8'id8)fi)(a(i)(i) a(i)(2) ® 02) = (/®id® c/)(A(a(i)) »a(2)) = 
(/(g)id0g)(A®id)A(a). 

Hence, 

(/ id)A(id ® g)A = (/ ® id ® 5)(A ® id)A. (4.3.1) 



Moreover, we will also need the equation 



(7r2®7r2)A2 = A^a, 



which holds as vra is a morphism of CQG s, G2 — > Gi. 



Let A, p be as in ( 1.3.6 ) and ( 1.3.7 ) and a belongs to (G2)j. 
Then, 



(4.3.2) 



^2X(,,„)(a) 



vr2(A^(_^)/3^(u))(a) 

7r2(ev^(_s)(vri o 712) id)A^(id ® ev^(„)(7ri o 7r2))A^(a)) 
7r2(ev^(_s)(7ri o 712) id ev^(„) o (vri o 7r2))(A^ (g) id)A^(a) 



(by (pi 



(ev^(_^)(7ri o TT2) (g) 7r2 (g) ev^(„) o (vri o tt2)){A^ id)A^(o) 
(ev^(_5)7ri (g id (g ev^(„)7ri)(7r2 (g 7r2 g) vr2)(A^ (g id)A^(a) 
(ev^(_5)7ri (g id (g ev^(„)7ri)((7r2 (g vr2)A^ (g 7r2)A^(a) 
(ev^(_5)7ri (g id (g ev^(„)7ri)(A V2 gi 7r2)A^(a) 
( using ) 

(ev^(_3)7ri (g id (g ev^(„)7ri)(A^ (g id)(7r2 (g 7r2)A'^^)(a) 
(ev^(_s)7ri (g id (g ev^(„)7ri)(A^ (g id)A-^(7r2(a)) 
(ev^(_^)7ri (g id)A^(id (g ev^(„)7ri)A^(7r2(a)) 
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Thus, for all in M^n^ 7r2X(^_„) = xls,u)^2- 

Therefore, for all a, b in {G2)j, 



7r2(a Xjb) 

= 7r2( / ^ x'jui(^)xl{b)e{u.v)dudv) 

T^2{Xjui'i))'^2ixl{b))e{u.v)dudv 

Xjui'^2ia))xliT^2{b))e{u.v)dudv 

1T2{a) X J TT2{b). 



where the third step is permissible by Proposition 1.3.2 
This proves that tt2 is indeed a homomorphism. 



□ 



Theorem 4.3.8. 1. If QISO^{AJ ,n,D) and {QISO^{A°° ,n, D)) j have C* actions 
on A and Aj respectively, we have 

QISO+iAf,n,D) - iQISO+iA'^,n,D))j 



QISO+{Ay,n,D) ^ {QISO+{A'^,n,D))j. 

2. I! moreover, QISO^ {A°° .Ti^D) and QISO+ {Af ,n, D) both exist and have C* 
actions on A and Aj respectively, then 

Qisb^{Ay,n,D)^ (^Qisb^{A'^,n,D)^ , 

QISO+iAf,n,D) ^ {QISO+{A°°,n,D))j. 



Proof : We prove 1 only. From Corollary 4.3.4 and Lemma 4.3.5 we see that 
QISO'^{A,n,D) J is an object of Q'j^(^j, L>). Thus, 

{QIsd+{A,n,D))j<QIs6+{Aj,n,D) inQ'ji{Aj,n,D). 
So, by Lemma 4.3.7 



{{QISO+{A, n, D))j)_j < {QISO+{Aj, H, D))_j 
in q,' ji{A,n,D), hence QISO+{A,n,D) < {QISO+{Aj,n,D))_j. 
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Replacing A by A-j, we have 

QISO+{A-j,n,D) 

< QISO+{{A^j)j,n,D)^j (in Q'ji{A-j,n,D)) 

^ QIs6+{A,n,D)_j (in Q'j^{A.j,n,D)) ^ {Qls6+{A,n, D))~j. 

Thus, QISO^{Aj,n,D) < {QISO^{A,n,D))j in Q'^(^j, which implies 

QISO+{Aj,n,D) ^ {QISO^{A,n,D)) J in Q,' r{Aj,H,D). □ 



4.3.2 Computations 



Fix a real number ^, and then we recall from subsection 1.1.1 that the C* algebra Ae 
is the universal C* algebra generated by two unitaries U and V such that UV = XVU , 



where A := e^'^*^. We also recall from section 1.3 that Ae is a Rieffel type deformation 
of C(T^) by using the canonical action of on and the skew symmetric matrix 
^ -g ^ 



J 







It is well-known (see [17]) that the set {U"^V"' : m,,n £ Z} is an 



orthonormal basis for L'^(Ao,t), where r denotes the unique faithful normalized trace 
on Ae given by, r(^ amnU"^V"') = aoo- We will denote the GNS space L'^{Ae,T) by TCq. 
Let Aq'^ be the unital *-subalgebra generated by finite complex linear combinations of 
jjmyn^ where m, n belong to Z, and di, d2 be the maps on A^^ defined by di{U^V^) = 
mC/™y", d2(C/"'^") = nV^V^. 

We consider the spectral triple obtained from the classical spectral triple on as 
described in section 14.11 



C(T2) * C{T), and 



Theorem 4.3.9. QISO {A^,n,D) = QISO (C^iT^)) 
QISO+{Af) = QISO+{C°^{T^)) = C(T2). 



Proof: We use Theorem 4.3.8 and recall that QIS0+{C'^{T'^)) = C(T2) ( Theorem 



3.4.14 ) which is generated by zi and ^2, say. QISO^{C°°{T'^)) contains C(T^) itself as a 

QISO+{A'^) is the CQG obtained from 



4.3.8 



quantum subgroup. Hence, by Theorem 
the Rieffel deformation of C(T^) via the action of and the skew symmetric matrix 
/ -g \ 



J = Ji 



-J 









so that J(ri,r2,r3,r4) = (-fr2, fn, |r4. 



For /i, /2 in C^{T'), r = {ri,r2,rs,n) in 



ir[,r'2,r'^,r'^) in M^, {ti,t2) in 
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the deformed product is given by 

(/i -Xjh){ti,t2) = j j Xj(r^,^2,^3,^4)(/i)(ii,i2)X(ri,r;,,r^,r4)(/2)(ii,t2)e(r.r')cirdr'. 
Here, for / in C°°(T2), 

X(ri,r2,r3,r4 )f{tl,t2) 

= (eu^(-(ri,r2)) ® id)A(id eu^(r3,r4))A(/)(ti, ^2) 

= /(??(-(n,r2))(tl,t2)^/(?'3,?^4)) 

= /((e(-ri), e(-r2))(ti, t2)(e(r3), e(r4))) 
= /(e(r3 - ri)ti, e(r4 - r2)t2)- 

Therefore, 

Zi XjZ2 

= J J ^iK^r4+^r2)ti, e{-^ri-^r3)t2)z2{e{r'3-r[)ti,e{-r2+r'M 
e{r.r')drdr' 

e(^r4 + ^-r2)tie{-r'2 + r'^)t2e{ri.r'i)e{r2.r'2).e{r:i.r'j)e{ri.r'^)drdr' 



= tit2 J J e{-r2)e{-r'2)e{r2.r'2)dr2dr'2 j j e{-ri)e{r'^)e{ri.r'^)dridr'^ 
/ / e{ri.r'i)dridr[ / / e(r3.r3)(ir3(ir3 



tit2 j j e{--r2)e{r2)e{{-r2).{-r2))dr2dr2 J j e{--ri)e{-r'^)e{-ri. - r'^) 
dr^dr'^.l.!. 



( by Proposition 1.3.1| ) 
Similarly, 

Z2 X J Zi 

r Q Q 

e( — -ri — -r'i)t2e{r'-j^ — r'^)tie{ri.ri)e{r3.r'^)dridr'idr3dr'2,.l.\ 
= tit2 J J e{-^ri)e{-r[)e{ri.r[)dridr[ J J e{-^r3)e{r'^)e{r3.r'.^)dr3dr'^ 

= Zi XjZ2. 

This proves the theorem. 



□ 
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4.4 QISO^ of a Rieffel deformed noncommutative mani- 
fold 

4.4.1 Derivation of the main result 



In this subsection, our set up is as in section 4.1 so that we have spectral triples on AJ 



for each J such that the spectral triple on A°° satisfies all the assumptions mentioned 
in chapter [2] for ensuring the existence of QISO^ where C is the Laplacian coming from 
the spectral triple. As QISO'' has a C* action on A, we get a subalgebra ^0 as in 
Lemma [4.3.1 Thus, the assumptions of section |4.2| are satisfied so that the conclusions 



in that subsection hold for QISO'^{A°° ,n, D). 

We recall from Chapter [2] that ^0 will denote the *-algebra generated by complex 
linear (algebraic, not closed) span A^ of the eigenvectors of C which has a countable 
discrete set of eigenvalues each with finite multiplicities, by assumptions for the existence 
of QISO'^. By the same assumptions, A^ is a subset of A°° and is norm-dense in A. 
Here, we make the following additional assumptions. 

Assumptions (i) ^0 is dense in A°° w.r.t. the Frechet topology coming from the 
action of T". 

(ii) nn>iDom(£")=^-. 

(iii) C commutes with the T"-action f3, hence C(T") can be identified as a sub 
object of QISO'-' in the category Q'^. 

Let IT denote the surjective map from QISO'~ to its quantum subgroup C(T"), which 
is a morphism of compact quantum groups. We denote hy a : A ^ A(2) QISO'' the 
action of QISO'' on A, and note that on this action is algebraic, that is, it is 
an action of the Hopf *-algebra Qo consisting of matrix elements of finite dimensional 
unitary representations of Q. We have (id (8> vr) o a = /?. 

We recall from Proposition 1.3.8 that A°^ = Ay as topological spaces, that is they 



coincide as sets and the corresponding Frechet topologies are also equivalent. In view of 
this, we shall denote this space simply by A°", unless one needs to consider it as Frechet 
algebra, in which case the suffix J will be used. 



Lemma 4.4.1. For F in ;B^(^)(]R2) ( 

notation as in section \l.3\ ) and a trace class 

operator W, 



Tr{J J F{u,v)We{u.v)dudv) = J J Tr{F{u,v)W)e{u.v)dudv. 
Proof : From the definition of oscillatory integral, we have ttj{F{u,v)) 



Y^j^^j^ j {F{u,v)4)p){u,v)e{u.v)dudv ( notations as in section 1.3 ). Let {Ln}n be a 



sequence of subsets of L such that it increases to L. Then, as the above sum is strongly 
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convergent, limn{Ylip^i^ J {F{u,v)(f)p){u,v)e{u.v)dudv) converges in SOT. We deduce 
the result by using Lemma |l.l.5[ □ 

Proposition 4.4.2. Let Cj denote the Laplacian from the spectral triple {Ay ,Ti., D). 
Then Cj coincides with C on C Aj. 



Proof : We recall that from the proof of Lemma 4.1.4 we have [D,TTj{a)] 
7rj{[D, a]). Denoting the inner product on flj{A^) by (., .) j and letting a, b in A^, Lim 
as in subsection 1.5.2 we have by using Lemma |4.4.1 

{Cja,b)j 



Lim4^o+ 
Limj^o+ 



Lim 



Tr{[D,7rj{a)nD,7rj{b)]e-'''') 
Tr{7rj{[D,a]*[D,b])e-'^') 

Trjf f (3ju{[D, a]*[D, b])K,e{u.v)dudve~^''') 
rr(e-*^') 

/ / Tr{^ju{[D, aY[D, b])J,e-'D')e{u.v)dudv 



( by Lemma |4.4.lD 

JjTr{VyJ[D,ar[D,b])V~^P,e-'^')e{u.v))dudv 

Limi^o+ nr. / Vn2-. 

u Tr{e-^^ ) 

f fTr{Vj'J[D,a]*[D,b])/3,e-''''V~-i)e{u.v)dudv 

Tr(e-*^') 

f f Tr{{[D,a]*[D,b])J^,e-''^")e{u.v))dudv 

rr(e-*^') 
Tr{J J [D, a]*[D, b]p'^e-^^\{u.v)dudv) 



Limi^o+ 
Limt^o+ 
Limt^o+ 



Tr{e 



which by Proposition |1.3.1[ equals 
Tr{[D,a\*[D,b]e-^^^) 



Limi^o+ ■ 
{Ca,b) 



□ 



Thus, the quantum isometry group QISO^{Aj) is the universal compact quantum 
group acting on Aj, with the action keeping each of the eigenspaces of £ invariant. Note 
that the algebraic span of eigenvectors of Cj coincides with that of £, that is Aq^, which 
is already assumed to be Frechet-dense in A°° = Ay, hence in particular norm-dense 



in Aj. Moreover, all the results of section 4.2 hold for QISO (Aj). 
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We now state and prove a criterion, to be used later, for extending positive maps 
defined on ^o- 

Lemma 4.4.3. Let B he another unital C* -algebra equipped with a T'^-action, so that 
we can consider the C* -algebras Bj for any skew symmetric n x n matrix J. Let (j) : 
A°° — > B°" be a linear map, satisfying the following : 

(a) (p is positive w.r.t. the deformed products Xj on and B°° , that is (f){a* xj a) > 
( in Bf C Bj ) for all a in Aq, and 

(b) (j) extends to a norm-bounded map (say (po) from A to B. 

Then (j) also have an extension cpj as a \\ \\j-bounded positive map from Aj to Bj 
satisfying = ||0(l)||j. 



Proof : We can view as a map between the Frechet spaces A°^ and B^ , which is 
clearly closable, since it is continuous w.r.t. the norm-topologies of A and B, which are 
weaker than the corresponding Frechet topologies. By the Closed Graph Theorem, we 
conclude that (j) is continuous in the Frechet topology. Since A° 



AJ and 



goo 



as Frechet spaces, consider (/> as a continuous map from AJ to and it follows 
by the Frechet-continuity of x j and * and the Frechet-density of Aq in AJ that the 



positivity (w.r.t. x j) of the restriction of to Aq C AJ is inherited by the extension 
on = Ay . Indeed, given a in Ay = .4°°, choose a sequence a„ belonging to 
such that a„. 



a in the Frechet topology. We have (pya* xj a) 



lim„ 



(a: X J an) m 



the Frechet topology, so in particular, (/>(a* x j a„) 



(a* Xj a) in the norm of Bj, 



which implies that (/>(a* x j a) is a positive element of Bj since 0(a* Xj an) is so for 



each n. Next, by Lemma 4.1.2[ we note that A°° is closed under holomorphic functional 



calculus as a unital *-subalgebra of Aj (the identity of Ay is same as that of A) 



and hence, by Lemma 4.1.2[ for any self adjoint element x in A 



Thus, for any y in A° 



' v+y* _|_ ^ y^y* 



< 



' y+y* - 



< \\x\\ 



[I) 



2i 



< 



y+y* 

2 



+ 



y-y 



2i 



i(l) < 2 ||y|| (/>(1). Thus, (p is bounded on A°° and hence admits a 
bounded extension (say (pj) on Aj, which will still be a positive map, so in particular 
the norm of (pj is same as ||(/)j(l)||. □ 



Now we note that due to the assumption (iii), {QLSO'~')j makes sense. 



Remark 4.4.4. By Lemma along with Lemma 4-2.8, a is a homomorphism from 
Aj to Aj(>i){QISO'~{A))j and hence {QISO'-'{A))j is an object in the category Q'-'{Aj). 

Theorem 4.4.5. // the Haar state is faithful on Q, then a : Aq — > Qo extends 

to an action of the compact quantum group Qj on Aj, which is isometric, smooth and 
faithful. 
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Proof : We have already seen in ( |4.2.10 ) that a is an algebra homomorphism 



from ^0 to ^0 ®aig Qo (w.r.t. the deformed products), and it is also *-homomorphism 
since it is so for the undeformed case and the involution * is the same for the deformed 
and undeformed algebras. It now suffices to show that a extends to Aj as a C*- 
homomorphism. Let us fix any faithful imbedding Aj C B(TCq) (where TCq is a Hilbert 



space) and consider the imbedding Qj C B{L?'{hj)) ( by virtue of Lemma 1.3.13 ). 
By definition, the norm on Aj Qj is the minimal (injective) C*-norm, so it is equal 
to the norm inherited from the imbedding Aj ®aig Qj ^ 'B('^o ® L'^i^j)). Let us 
consider the dense subspace V C Tio CS> Lp'ihj) consisting of vectors which are finite 
linear combinations of the form X^j ^« ® with Ui belonging to Xi belonging to 
Qo C LF'{hj). Fix such a vector ^ = Yl\=i ® consider B := A0 Mfc(C), with 

the T^-action /3 (gi id on B. Let (j) '■ A'^ B°° be the map given by 



:= (((id®(/)(^^,^^))(a(a))))^'' 



1.3.11 



where (f)(^^^y-^[z) := h{x* Xjz Xjy) for x,y,z in Qo- By Remark 
to Q as a bounded linear functional. Note that the range of (p is in B°^ = A°^ Mfc(C) 



(xi,Xj) extends 



since we have (id 4'{x,y))oi{-^°°) ^ by Proposition 2.1.2 using our assumption (ii) 
that nn>iDom(£") =A°°. 

Since a maps ^o into ^o ®aig Qo and h = hj on Qo, it is easy to see that for a in 
^0) (f^io-* X Jfl) is positive in Bj. As 4>(xi,Xj) extends to Q as a bounded linear functional, 
(j) extends to a bounded linear (but not necessarily positive) map from A to B. Thus, 



the hypotheses of Lemma 4.4.3| are satisfied and we conclude that (p admits a positive 



extension, say (pj, from Aj to Bj = Aj Mfc(C). Thus, we have for a in 

k 

{ui,4>{a* Xj a)uj) 
< \M'j^{ui,(l){l)uj) = \\afj^{ui,Uj)h{x* xjxj) 



|a|| J ^(wi ® Xi, Uj Xj) = ||a|| jII ^ 



Ui (K) Xi 

8=1 



|2 



This implies 



k 

|a(a)ef = (e,a(«* xja)0 = ^{ui,(l){a* Xja)uj) < \\afjU\\ 



for all ^ in D and a in Aq, hence a admits a bounded extension which is clearly a 
C* -homomorphism. □ 
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For any two objects Si and ^2 in Q'^), we write Si <c S2 if Si is a sub-object of ^2 
in the category Q'^. 

Lemma 4.4.6. If Gi, G2 be two CQG s such that Gi <c G2 in the category 
Q'^{A,T-l, D). If {Gi)j and {G2)j make sense, then (Gi)j <c (^'2)7 in the category 

{Gi)j are objects in the category Q'j^{Aj), i = 1,2. The 



Proof : By Remark 



4.4.4 



rest of the proof is the same as that of Lemma |4.3.7| and hence we omit it. 



□ 



Theorem 4.4.7. If the Haar state on QISO'-'{A) is faithful, we have the isomorphism 
of compact quantum groups: 



{QISO'^{A))j^QISO'^{Aj). 



Proof : By Theorem 



4.4.5 



we have seen that {QISO'^{A))j also acts faithfully, 



smoothly and isometrically on Aj, which implies, 

{QISO^{A,n,D))j < QISO^{Aj,n,D) in Q'c{Aj,n,D). 



The rest of the proof is same as that of Theorem 4.3.8 by using Lemma 4.4.6 and hence 
we omit it. □ 



4.4.2 Computations 

The case of the noncommutative tori 

We recall ( chapterjl]) that the noncommutative n-tori Tg is the universal C* algebra 
generated by n unitaries Ui,U2, ■■■,Un such that UiUj = e{9ij)UjUi, i,j,= 1,2,. ..n 
where 9 = {{9ij)) is a n x n skew symmetric matrix. We also recall that is a Rieffel 
deformation of C(T"') via the M" action on C(T") ( section 



1.3 



and the matrix J 



We consider the isospectral deformation of the classical spectral triple on C(T") 
which will give a spectral triple on Tg. so that the corresponding Laplacian C is given 
by C{U^\..U^-^) = -(mf + ...ml)U^\..U;^" , and it is also easy to see that all the 
assumptions in chapter [2] required for defining QISO'--{Tg) are satisfied. 

Theorem 4.4.8. Using Theorem J^.J^.l . we conclude that QISO'~{Tg) is a Rieffel de- 
formation of QISO^{C{T')). 



Next, we will use Theorem |4.4.7 to compute the exact structure of QISO^{Ag). 

Our target is to show that QISO'-'iAi) is a commutative G* algebra which will give an 

2 

example of a non commutative G* algebra with QISO^ a commutative CQG. 
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We have seen ( Theorem [2^2l7| ) that Q/50^(C(T")) ^ C(T" x(Z'^ x5„)). 

In particular, QISO^{C{T^)) ^ C{T^ ><(Zi XS2)) where the definition of the 
two semi-direct products are described below. Let the generators of the first, second 
and the third copy of Z 2 in XZ2 be denoted by (1, 0, 0), (0, 1, 0), (0,0, 1). Therefore, 
as a set (Z^ XIZ2) equals {(71, 72, 73) : 7^ G {0, l},i = 1,2, 3} and T'^<\ (Z^ XIZ2) = 
{{zi, Z2,Ji, 72, 73) : -^1,-22 G 5'-'^, 7j G {0, = 1,2,3}. The action of Z2 on Z| is 

given by (0,0, l){x,y) = {y,x) { { x,y ) belongs to ) and the action of Z^ XIZ2 on 

( denoted by o ) is given by 

(1,0,0) o {zi,Z2) = (zl, 2:2), (0, 1,0) o {zi,Z2) = (zi,z^), (0,0,1) o (21,22) = {z2,zi). 

Lemma 4.4.9. Let (21, 22), {z'l, Zg), {z'l, Z2) belong to T^. Then we have the following 
group multiplication formulae in T^<l (Z^ XIZ2) : 



(zi, 22, 0, 0, 0){z[, Z2, 1, 0, l){z1, 4', 0, 0, 0) = {ziz[z'^, Z2Z2ZI, 1,0, 1), 

(zi, 22, 0, 0, 0)(4, Z2, 0, 0, l){z'l, 4', 0, 0, 0) = {ziz[z2, Z2Z2z'l, 0, 0, 1), 
(zi, Z2, 0, 0, 0){z[, Z2, 0, 0, 0){z1, 4', 0, 0, 0) = {ziz[z'(, Z2Z2Z2, 0, 0, 0). 
Proof : Using the definition of semi direct product , we have 

(Zl, 22, 0, 0, 0)(2'i, z'2, 1, 0, 1)(2'/, zl 0, 0, 0) 
= {Ziz[, Z2Z2, 1,0, l){z'{, 22 , 0, 0, 0) 
= (2121, 2222)((1, 0, 1) O {z'{, 22), 1, 0, 1) 
= (212;, 222^)(((1, 0), 0)((0, 0), 1) O {z'l, Z'^),1,0, 1) 
= ((2121, 2222)(2^', 2"), 1,0,1) 
= {ziz[z'^,Z2Z2z'(, 1,0,1). 



(4.4.1) 

(4.4.2) 
(4.4.3) 



Thus, we have ( 4.4.1 ). 
Similarly, 



(21, 22, 0, 0, 0)(2l, 2^, 0, 0, l){z'l, zl 0, 0, 0) 
= (2121, 2222, 0, 0, l)(2i , 22, 0, 0, 0) 
= ((212I, 222^)((0, 0, 1) O {z'l, 4')), 0, 0, 1) 

= ((2i2i,222^)(2^',2'/),0,0,l) 
= (212^2^', 2244', 0,0,1), 
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which proves ( 4.4.2 



( 4.4.3 ) follows similarly and therefore we omit the proof. 



□ 



QISO^{C{T'^)) = C(T2 ><(Z| XZ2)) which as a C* algebra is isomorphic to 
©i=i,2,...8C(T^). We will denote the generators ofQISO^{T'^) by {^(^^^^^^^g), B,^^^^^^^^^^ : 
(7i;72)73) £ Z2}, more precisely, we fix the following convention: 

^(7i,72,73)(^l'^2,7l,72,73) = Zl, S(^^_^2_^3)(zi,2:2,7l,72,73) = Z2- 

Now, sits as a subgroup of XZ^ as {{zi,Z2, 0, 0, 0) : G S^}. 

Hence, the action of on Xl-^f with which we are concerned with is given 
by the group multiplication in xlZf, that is, the action of {zi,Z2) {{zi G S^)) on 
{z[, Z2'7i>72,73)(e xZ|) is given by {zi, Z2,0,0,0){z[, 4,71,72,73). 



The action of on QISO'-'{C{T'^)) as prescribed by Wang ( 1.3.8 ) is given by 



a 



{s,u) = {^{-s) ® id)A(id n{u))A 



where s, u belong to M?. 

If s = (si, S2), u = (ui, M2) belong to M? and zi, Z2 belong to S^, we have 

^2, 71,72, 73) = /((e(-si), e(-S2), 0, 0, 0)(2;i, Z2, 71, 72, 73)(e(Mi), e(u2), 

0,0,0)). 



Moreover, J = —J®J 



/ f \ 
-^000 



V 



-1 
f 



Hence, J(si, S2, ti, t2)* = (^'^a, ~2^i^ "2*2, 2*1)* where t stands for the transpose of 
a matrix. 

Let s = (si,S2),t = (ti,t2),'S' = {s'i,s'2),t' = (t'l,^) belong to u = (s,t), v = 

Lemma 4.4.10. {j4(^j ,^2,73), ^(71,72,73)} unitaries for the multiplication x j and 
for (71,72,73) belonging to Z|. 

Proof : We give the proof for A(i q^i), the proof for the rest being exactly similar. 

^(1,0,1) Xj^l,0,l(^l'^2, 1,0, 1) 

= yy Xj(„)(^{l,0,l))(^l,^2,l,0, l)Xt;(^l,0,l)(^l,^2,l,0,l) 

e{u.v)dudv 
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X(|,2,_|,,,^|t2,|t,)^(i,o,i)(^^i> ^2, 1,0, l)x(4,4,i;4)^{i,o,i)(^i' 
U2, 1,0, l)e{u.v)dudv 

j j ^{iAi)(«-^^2),e(^si))(ni,n2,l,0,l)(e(-^t2),e(^ti))) 
^(i,o,i)((e(-s'i), e(-S2))(wi, U2, 1, 0, l){e{t'i),e{t'2)))e{u.v)dudv 



which by ( 4.4.1 ) equals 



e[— S2)u2e{t'i))e{u.v)dudv 

/CO 9 
■■■ j *3(-S2)e(-ti)e(-4)e(-t2)e(si.s'i + ti.t'i + S2.S2 + t2.t'2)dsids'ids2ds2dti 

dt'idt2dt'2 



e{-s'i)e{si.s[)dsids[ J J e{-S2)e{s2.s'2)ds2ds2 
1 1 e{^ti)e{ti.t[)dtidt[ J J e{-t'2)e{t2.t'2)dt2dt'2 



which by Proposition 1.3.1 equals 



1.1.1.1 = 1 



Similarly, 



^(1,0,1) Xj^i,o,i(^i'^2,l,0, 1) = 1 



Remark 4.4.11. It can be easily checked that 



□ 



A. 



71.72,73 J 



X 7^71,72,73(^1' «2,7l> 72, 73) =0 



«/ (71, 72, 73) / (7l,72'73)- 
Similar is the case with B, 



71,72,73 ■ 



Lemma 4.4.12. Aqoo x t-Bqoo = -Bqoo x t^ooo- 
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Proof : 

(Aooo XjSooo)((wi,W2, 0,0,0)) 



Xj„(^ooo)((^ii, ^^2, 0, 0, 0))x«(5ooo)(('Ui, ^2, 0, 0, Q))e{u.v)dudv 

^J(si,S2,ti,t2)^000(('"l' ""2' 0' 0' ^))X{s\,s'^,t'^,t'^){BQQQ){(ui,U2, 0, 0, 0)) 

e{u.v)dsdtds' dt' 

j ■■■ j X(|32_|^i_|t2jti)^ooo((^ii, -"2,0,0, 0))x(4,s'2,t;4)(-Booo)(('"i, -"2, 0,0,0)) 
e{u.v)dsdtds' dt' 



6 9 9 6 

Aooo[{e{--S2),e{-si)){ui,U2,0,0,0){e{--t2),e{-ti))] 

Booo s'l), e{—S2)){ui,U2, 0, 0, 0){e{t'i), e{t'2))]e{u.v)dsdtds' dt' 



which by ( 4.4.3| ) equals 



/ ... / Aooo[e(-f S2)iiie(-|t2), e(f si)u2e(f ti), 0, 0, 0]5ooo[(e(-s'i)nie(t;)), (e(-4) 
ti2e(t'2)), 0, 0, 0]e{u.v)dsdtds'dt' 

6 6 

e{— -S2)uie{— -t2)e{— s'2)u2e{t'2)e{sis'i)e{s2s'2)e{tit'i)e{t2t'2)dsdtds' dt' 
uiU2 I I e{-^-S2)e{-s'2)e{s2.s'2)ds2ds'2 j j e{-^t2)e{t'2)e{t2.t'2)dt2dt'2 



J J e{si.s'i)dsids'i J J e{ti.t'i)dtidt'i 



which by Corollary 1.3.4 and Proposition 1.3.1 



= niU2e(--)e(-).l.l 

= UiU2- 

Similarly, 

(Sooo X j^ooo)((iii,ii2, 0,0,0)) 

^ooo[(e(-^S2)nie(-^t2)), (6(^51)^/26(2*1)), 0, 0, 0)] 

^ooo[(e(-s'i)nie(t'i)), (e(-S2)^i2e(^2))0, 0, 0)]e{u.v)dsdtds'dt' 
6 6 

e{-si)u2e{-ti)e{— s'i)uie{t'i)e{u.v)dsdtds' dt' 
'"i'"2 / / e{^si)e{-s'i)e{si.s'i)dsids'i j j e{^-ti)e{t'^)e{ti.t'i)dtidt'i 



j j e{s2s'2)ds2ds'2 j J e{t2t'2)dt2dt'2, 
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which by Corollary 1.3.4 and Proposition 1.3.1 



UiU2. 



Therefore, Aqoo x jBqoo = -Bqoo XjAqoo- 



Lemma 4.4.13. Aqoi x j^qoi = e{-20)Booi xjAqoi 

Proof : Proceeding exactly as in the previous Lemma, we obtain 

(Aooi X rSooi)('U.l,'U,2,0,0, 1) 



^ooi[(e(--S2), e(-si))(Mi, U2, 0, 0, l)(e(--t2), e(-ti))] 
BQoi[{e{-s[),e{-s'2)){ui,U2,0,0, l){e{t[),e{t'2))]e{u.v)dsdtds'dt' , 



which by ( 4.4.2 ) equals 



^ooi[e(--S2)^^ie(-ti), e(-si)u2e(--t2),0,0, 1] 



^001 s'i)uie{t2) , e{—S2)u2e{t'^),0, 0, l]e{u.v)dsdtds' dt 

= UlU2 



e{— -S2)e{-ti)e{— s'2)e{t'i)e{u.v)dsdtds' dt' 



UiU2 



e{--S2)e{-S2)e{s2.s'2)ds2ds2 



□ 



e{-ti)e{t'i)e{ti.t[)dtidti 



J J e{si.s[)dsids'i J J e{t2-t'2)dt2dt'2 



which by Corollary 1.3.4 and Proposition 1.3.1 equals 



uiU2e{--)e{--) 
= uiU2e{-6). 

Similarly, using Corollary |1.3.4 and Proposition 1.3.1 



(Sooi XjAooi){ui,U2,0,0,l) 

f f 6 6 9 6 

= / •••• / Booi[e{--S2)uie{-ti), e(-si)n2e(--t2), 0, 0, 1] 

^ooi[e(— s'i)^iie(t2), e{—S2)u2e{t'i),0, 0, l]e{u.v)dsdtds' dt' 

J .... J e{^si)e{-^t2)e{-s'i)e{t'2)e{si.s'i + S2-S2 + h-t'i + t2.t'2)dsdtds' dt' 



UiU2 



uiU2e{-)e{-) 
uiU2e{d). 
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This proves the Lemma. 



□ 



Remark 4.4.14. Proceeding similarly, one can prove ^0,1,1 ><j ^0,1,1 = -^0,1,1 
^0,1,1, ^1,1,0 X 7-^1,1,0 = Bi^ifl XjAi^i^o, ^1,0,1 Xj-Bi,o,i 



Bifi,i X J ^1,0,1 



and Ao,o,i Xj5o,o,i 



e(— 26')i?o,o,i xjAo,o,i, ^1,0,0 xji?i,o,o 



e(-20)5i,o,o xj 



^1,0,0, ^1,1,1 X T-Bi,i,i = e(-26l)Si,i,i y-jAi, 



1,1- 



Let us now consider a C* algebra B, which has eight direct summands, four of which 
are isomorphic with the commutative algebra C(T^), and the other four are irrational 
rotation algebras. More precisely, we take 

13 = (BL,C*{Uki,Uk2), 

where for odd k, Uki,Uk2 are the two commuting unitary generators of C(T^), and for 
even k, UkiUk2 = e(27ri0)C/fc2^^fci) that is they generate A2e- 



Now we are in a position to describe QISO'~{Ae) explicitly. 

Theorem 4.4.15. Q/50^(A) is isomorphic with B = C(T2) e A2e © C(T2) e ^20 
C(T2) © A2e © C(T2) © A2 



^20- 



Proof : Define (f) : B ^ QISO^iAe) by 
(piUn) = Aooo, HU12) = Booo, HU21) = 

^011, <A(^32) = Bou, 0(?74l) = ^001, 0(^^42) 

^110, HU61) = Am, <P{Uq2) = Bin, HU71) 
Aioo, 0(t^82) = -Bioo- 



-4oio, (P{U22) 

Bool, <^([/5l) 
= ^101, 0(^:^72) 



Alio, (t>{U52) 

Bioi, HUsi) 



From Lemma 4.4.10 - Lemma 4.4.13 and Remark 4.4.14 it is clear that 4> is indeed 
a * isomorphism. 

□ 



Remark 4.4.16. In particular, we note that if 6 is taken to he 1/2, then we have a com- 
mutative compact quantum group as the quantum isometry group of a noncommutative 
C* algebra. 

The case of 9 deformed spheres 



We can apply Theorem 4.4.7 on 5^ which are obtained by Rieffel deformation of 



C{S"') as described in section 1.3 We will consider the isospectral deformation of 



the classical spectral triple on C{S^). Since we have proved in Theorem 2.2.2 that 
Q/50^(S") ^ C{0{n)), it will follow that QISO^{SJ}) ^ Oe{n), where Oe(n) is the 



compact quantum group discussed in subsection 1.3.1 as the ^-deformation of C(0(n)) 
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Chapter 5 



Quantum isometry groups of the 
Podles spheres 

In this chapter, we compute quantum group of orientation preserving isometrics for 
spectral triples on the Podles spheres 3"^ ^,. We do it for two different families of spectral 
triples, one constructed by Dabrowski et al in [24] and the other by Chakraborty and 
Pal in [14] for c > 0. Wc get completely different kinds of quantum group of orientation 
preserving isometrics for the two families; for the former, it is SO^{?>), whereas, for the 
latter it is C*(Z2 * Z°°) where Z°° denotes countably infinite copies of the group of 
integers. 

5.1 The Podles Spheres 

The Podles spheres were discovered in [43] . We will also need the equivalent descriptions 
of the Podles spheres as given in [24], [37] and [50]. Hence, we give the descriptions one 
by one. 

5.1.1 The original definition by Podles 

Let c belongs to R. The Podles' sphere 5^ ^ is the universal C* algebra generated by 
elements e_i, eo, ei such that : 

e* = e_i, i = -1,0,1, 

(1 + /x2)(e_iei + fi-^eie-i) + cq^ = ((1 + fi^f^i'^c + 1)7, 
eoe_i - fi^e-ieo = (1 - M^)e-i, 
(1 + //^)(e_iei - eie_i) + (1 - /x^)eo^ = (1 - A*^)eo, 
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eieo - fi eoei = (1 - )ei. 

Let 

B = ei, A = {1 + - eo). (5.1.1) 

Then we have an alternate description of the Podles spheres, that is, the universal 
C* algebra generated by elements A and B satisfying the relations: 

A* =A, AB = ii-'^BA, 

B*B = A-A'^ + cI, BB* = ix^A - i^A^ + cl. 

These arc the relations which we are going to exploit for getting homomorphism 
conditions while computing the quantum group of orientation preserving isometries. 

Notation : We will denote the co-ordinate * algebra of ^ by C'(5'^,c)- 
5.1.2 The Podles spheres as in [24] 

We take fi in (0, 1) and t in (0, 1]. For n belonging to M, let [n]^ = ■ 

Then 5^^ be the universal C* algebra generated by elements X-\,xo,x\ satisfying 
the relations: 

X-i{xQ-t) = i?{xo-t)x-i, (5.1.2) 

xi{xQ-t) = ix~'^{xQ-t)xi, (5.1.3) 

- [2]x_ixi + {i?xo + t){xo -t) = [2]'(1 - t), (5.1.4) 

- [2]xix_i + (ai-^xo + t){xo -t) = [2f{l - t), (5.1.5) 

where c = — t,t>0. 

The involution on S"^^^ is given by 

x*_i = —ii~^xi, Xq = xq. (5.1.6) 

Setting 



A= ^ , ^\ S = /x(l + /x2)-ii-ia;_i, (5.1.7) 



1 - t-^xo 

one obtains ( [24] ) that S"^^ is the same as the Podles' sphere as in [43]. 
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5.1.3 The Podles spheres as in [37] 



This description is taken from [37], page 124. 

Let a', (5 be elements of C such that (a', /?) ^ (0,0). We denote by Xq,a',i3 the 
algebra with three generators xq, xi and the following defining relations: 

— qxiX-i — q~^X-iXi = (3.1, (5.1.8) 

(1 — g^)xo + qx-ixi — qxiX-i = (1 — g^)a'xo, (5.1.9) 

X-i^o — q'^XQX^i = (1 — q^)ax-i, (5.1.10) 

xqXi — q'^xiXQ = {1 — q'^)a'xi. (5.1.11) 

Let p'^ = - a^y\ 

Then for q and p real, the involution is defined by xl^ = —q~^xi, Xq = xq, x^ = 
-gx_i. 

Moreover, from page 125 of [37], it follows that for p belonging to C, Xq,a',i3 can be 
realized as a * subalgebra of SU^(2) via: 



x_i = (l + g2) 5Q2^p(i + g-2)^ac-g(l + g2) 5^2^ 

XQ = ba + p{l + {q + q~^)hc) - cd, 
XI = {l + qY^^b^ + p{l + q^)^^db-q{l + q^)''^cP. 
where a,b,c,d are as in subsection 1.2.5[ 



(5.1.12) 

(5.1.13) 
(5.1.14) 



Proposition 5.1.1. S^^ ^ as defined above is the same as Xq,a',i3 with q = p, a' = t, j3 
t^ + p-\p'' + lf{l-t). 

Proof : We note that [2], 



From ( 5.1.5 ), we have 

- [2]p'^xix-i +xl + {tp^ - t)xo - pH^ = [2] V^(l - t). 



(5.1.15) 



Adding ( 5.1.4 ) with ( 5.1.15 ), we obtain 

-[2]x_ixi - [2]^2^iX_i + (/i2 + l)xl - (1 + /x2)t2 ^ [2]2(1 - 0(1 + ^2) 



Using [2]^ 



we get this to be 



Hence 



x_ixi - i±f^/.2xix_i + (1 + p^)xl - (1 + p^)t^ = ^^^{l - t)(l + p^). 



_i - p-^x^ixi = p-^{l + p'^fil -t)+t^ = (3.1. 
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Thus, we have derived ( 5.1.8 ). 
Multiplying (5.1.4) by fj?, we have 



- [2]fi^x-ixi + /xg + t(l - fi^)f^^xo - t'n^ = [2] V^(l - t). 



2\ ,.2, 



j.2,.2 



l2,.2/ 



(5.1.16) 



Subtracting (5.1.15) from (5.1.16) gives 



^ ~^ -/U^x„ixi + (/i^ — 1)xq + t{l — fi'^)fi^xo + ^ — fi^xix^i — t{^^ — l)xf) = 0, 



and hence, 



(1 — )Xq + lIX-lXl — fiXlX-l = t{l — fl )xq. 



which proves ( 5.1.9 ) 



Next, (5.1.2) gives 



X-iXo — /X^XqX-I = (1 — II^)tX- 



which is (5.1.10) 



Finally, (5.1.3) gives fi xiXq — fi txi = xqXi — txi, that is, (5.1.11) is obtained 



Thus, we obtain the relations of Xg.a',f3 from the relations of 5^ for q = fi, a' 
t, P = t^ + fi-^{fi^ + lf{l-t). 



Similarly, ( 5.1.10 ) is same as ( 5.1.2 ), ( 5.1.11 ) is same as ( 5.1.3 ). Subtracting 

with times 



( 5.1.9 ) from ( 



5.1.8 



5.1.8 



( 



5.1.5 



gives ( 5.1.4 ) and adding ( 
Thus, we get back the relations of S'^^^ from the relations of Xq,a',f3 



5.1.9 



gives 
□ 



□ 



Thus, combining ( 5.1.12 ) - ( 5.1.14 ) with the correspondence ( 1.2.26| ) and using 
Proposition 5.1.1 we have expressions of xq, xi in terms of SU^{2) elements: 



X-l 



Xq = 
Xl 



//(l+/i2)5 

-^7*a + p{l - (1 + /x^)7*7) - la*, 

^^7*2 - pp{l + /i^)a*7* - /ia*^ 
(l + /x2)5 ' 



(5.1.17) 

(5.1.18) 
(5.1.19) 



where 



5.1.4 The description as in [50] 

We need the quantum group U^[su{2)) for this description. 
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Let 

Xc = nHfJ-^^ - fJ-y^c'^i'^ - K'^) + EK + fiFK forallcG(0, oo), 

One has A{Xc) = 1 Xc + X^^ K"^. 
Then ( as in Page 9, [50] ) we have the following : 



where o is as in subsection 



0{SlJ = {x G 0{SU^{2)) :x<iX, = 0} 

1.2.5 The followmg is a basis of the vector space 0(5^^^): 



{A\A''B\A''B*"', k>0, l,m>0}. 

So, any element of 0{S'^ ^) can be written as a finite linear combination of elements of 
the form A'' , A'' B\ A'' B*K 

Let Tp be the densely defined linear map on L'^{SU^{2)) defined by = x < Xc- 



From [51], ( Page 5 ), we recall that f^-^oi? = /^a|,_j^f ^- u'^oF 



K = ^^fjjf some constants a^-. 



k I I 



Lemma 5.1.2. The map ip is closahle and we have S*^ C ¥^ei[ip) where ip is the closed 
extension of tp and 5^ ^, denotes the Hilbert subspace generated by in L^(5C/^(2)) 
( the G.N.S space corresponding to the Haar state on 5?7^(2)). Moreover, 0{S'^^^) = 
0(5C/^(2))nKer(V^) = 0(5C/^(2)) Q Ker(V^). 

Proof : We note that t;j;,<i(l -i^^) = {1 - fi'^'')v'j,^, v^-j^<iEK = ^j}'a\_^v^-f^__^, wj,,< 
FK = l^^otk''Jj k+i- Hence, u j ^ belongs to Dom{ip) with {'4'*){vj j^) = /i2(^~i — ^c~2. 

{l-fJ-'^^Wj,f, + fi^a[_^v^-,^^^ + fi''+^a[v^.,^_^. Hence, 0{SUf,{2)) C Dom(V^*) implying 
that ijj is closable, hence Ker('i/') is closed. The lemma now follows from the observation 
that 0{Sl J = Ker(V') C Ker(V^). □ 



5.1.5 Haar functional on the Podles spheres 

We recall from [50], page- 33 that for all bounded complex Borel function / on cr{A), 

oo oo 
n=0 n=0 

where A+ = ^ + (c+i)^ A_ = ^-(c+i)^ 7+ = {I - fi^)\+{X+ - X-)'', 7- = 
(1-/.2)A_(A_-A+)-^ 
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Lemma 5.1.3. {x-i, xq, xi} is a set of orthogonal vectors 
Proof : From ( 



5.1.17 



and 



5.1.18 



we note that x*_^xo belongs to span{a*^7*a, 
a*^, 0*^7*7, a*^7a*, 7*a*7*a, 7*a*, 7*0*7*7, 7* a* 7a*, 7*^0, 7*^, 7*^7, 7*^70*}. 

we note that this span equals span{a*7*, 0*7*^7, 



1.2.14 



Further, using ( 1.2.10 ) - ( 

a*^, a*^7*7, 0*^7, 7*^, 7*^7, 0*7*, 07*^, 7*^}. 

1.2.15 ). Similarly, one can prove H^XqXi 



Then H^x'^^xq) = follows by using ( 
h{xlx-.i) = 0. 



□ 



Lemma 5.1.4. 



h{A) 



(A+-A_)(l-/.6)' 



Proof : Recalling ( 5.1.20 ), we have 



h{A) 



00 



00 



7+5^A+/" + 7-E^-/^ 

n=0 n=0 

(1-^^)(A^-A^_) 
(A+-A_)(l-^4) 

A+ + A- 
1 



4n 



1+^2- 



Similarly, putting f{x) = x"^ in ( 5.1.20 ), we have 

h{A^) 



7+J:aV" + 7-J:a2_;.«" 

n=0 n=0 

(1-^2)(A3.-Ai) 
(A+-A_)(l-/i6)- 



□ 



Proposition 5.1.5. h{x*_]^x^i) = H^x^xq) = h{xlxi) = t'^{l - - fi^) '^[fj? + 

r + 2/^2 + 1) + _ 2^2 _ 

Proof : 



From ( 5.1.7 ) we have x*_^x-i = * ^ B*B and hence, using Lemma 



5.1.4 



we 
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obtain 

h{x*_iX-i) 

= *'^^X^'\ h{A)-hiA^) + {t-'-t).l] 

^ 1 - /i^ - (1 - /)(t-i -t+l) + (t-i - t)(l + /x^)(l - /jS) 

from which we get the desired result. 

Similarly, the second equality is derived from h{x*QXQ) = — 2t^(l + fi^)h{A) + 

(i + m^)¥M-4^)- 

), xi = —nx*_i and hence, x^xi = t^(l + — /i^^^ + c.I), 



From 



5.1.6 



from which /i(x^xi) is obtained and can be shown to be equal to the same value as 
h{x*_iX-i) = h{xQXo). 

□ 



5.2 Spectral triples on the Podles spheres 

5.2.1 The spectral triple as in [24] 

We now recall the spectral triples on discussed in [24] . 



Lets = -c~5A_, A± = 5±(c+|)2. 
For all j belonging to ^W, 

Uj = {a* - sj*){a* - ^~^S7*) {a* - 

Wj = (a — ns'y){a — iJ?s^) (a — fj?^ s^), 

u-j = E'^^ > Wj , 
uq = wq = 1, 

2/1 = (1 + (c2/i2'y*2 _ ^^*Q,* _ ^c^a*"^), 



kj 

Define 



vij = NijF'-'' > {y[ l^ln,), / G ^Wq, j, k = -/, -I + 1, /. (5.2.1) 

Let TWat be the Hilbert subspace of L?{SU^j,{2)) with the orthonormal basis {w^tv • 

/ = |iV|, |iV| + l, , m = -l, /}. 

Set 

2 2 
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and define a representation vr of S'^^^ on 7i by 

Axi)vi^^^ = a; {I, m; A^)t;^+i,^ + a°(/, m; iV)?;L+i,iv + afi^^ ^n; N)v^+l.^^, (5.2.2) 

where a~ , a^, af are some constants. 
We will often identify vr(S'^ with 5^^^. 

Finally by Proposition 7.2 of [24], the following Dirac operator D gives a spectral 
triple {0{S'^^^),TL, D) which we are going to work with : 

D{vl^) = id + c,)vl^^.^, (5.2.3) 

where ci, C2 are elements of M, ci / 0. 



5.2.2 SU^{2) equivariance of the spectral triple 



From [24], we see that the vector spaces u^^^i = span{vj^_|_i : m = —1, ....1} are {21 + 1) 
dimensional Hilbert spaces on which the SU^(2) representation is unitarily equivalent 
to the standard Ith unitary irreducible representation of SU^{2), that is, if the represen- 
tation is denoted by Uq, then Uo{v'' i) = X] "^^ _i_ i ® j where t{ • denotes the matrix 
elements in the Ith. unitary irreducible representation of SU^(2). 
We now recall Theorem 3.5 of [32]. 

Proposition 5.2.1. Let Rq be an operator on TL defined by Rq{v^ i) = i. 

«,±2 ''■'^2 

Then Tr(i?oe^*^ ) < oo ( for all t > 0) and one has 

{tro ® id){Uo{x 1)^70*) = TR^{x).l, 

for all X in B{n), where tr,{x) = Tr{xRoe~^^ ). 

We define a positive, unbounded operator i? on by i?(w" i) = i . 

Proposition 5.2.2. au^ preserves the R-twisted volume. In particular, for x in ^{3"^^^) 
and t > 0, we have h{x) = ^^jfy; where tr{x) := Tr(xi?e~*^^), and h denotes the re- 
striction of the Haar state of SU^{2) to the subalgebra S'^^^, which is the unique SU^{2)- 
invariant state on Sf. 

Proof : It is enough to prove that tr is a[/„-invariant. Let us denote by Pi,P_i 

2 2 

the projections onto the closed subspaces generated by {u' i } and {u' i } respectively. 

i,2 «,-2 

Moreover, let t± be the functionals defined by t±{x) = Tr(2;i?oP^ i e~*^^). Now observ- 
ing that i?o, e~*^^ and Uq commute with Pii and using Proposition 5.2.1, we have, for 
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X belonging to BiTL), 

= (TV id){Uo{x l)^^*(i^oP±l e~*^' id)) 

= (TV id)({7o(xP^i l)Uo* {Roe-^^^ ^ id)) 

= {tr^ ^ id)auo{xPi) 

= TR,,{xP^l) 
= T'±{x).l, 

that is T± are ctf/g-invariant. 

Thus, X ^ Tr(xi?o-f±ie~*^^) is invariant under ajjQ. Moreover, since we have 
1 = ii^RqP_^i , the functional tr coincides with fi~^T^+fiT-, hence is af/g-invariant. 

□ 

Theorem 5.2.3. {SUf,{2), Uo) is an object in Q'^(Z)). 
Proof : 



(D®id)C/o(i;' i) = (L»®id)y 1 ®t 



I 



-2 ' J'-^2 

(Cl/ + C2)^vj.^i 0tl^ 



= {cil + C2)Uoivl ,) 

*'+ 2 

= UoDiv[^,). 

Thus, the above spectral triple is equivariant w.r.t. the representation Uq and it 



preserves tr by Proposition 5.2.2 which completes the proof. □ 



5.2.3 The CQG 50^(3) and its action on the Podles sphere 

Here we recall the CQG S0fj_{3) as described in [44]. 

SO ^{3) is the universal unital C* algebra generated by elements M, N, G, C, L sat- 
isfying : 

' L*L = {I-N){I- fi-^N),LL* = {I- fJ-^N){I - fi^N), G*G = GG* = N^, 
M*M = N- N^, MM* = fi^N - n^N^, C*G = N-N"^, 
GG* = - /iV^ LN = fi^NL, GN = NG, 
MN = n^NM, GN = n^NG, LG = fi'^GL, 
LM = fi^ML, MG = fi^GM, GM = MG, 
LG* = fi'^G*L, M2 = n-^LG, M*L = fi-\l - N)G, N* = N. 



Chapter 5: Quantum isometry groups of the Podles spheres 



148 



This CQG can be identified with a Woronowicz subalgebra of SU^{2) by taking: 

N = 7*7, M = a7, C = a-/*, G = -f'^, L = 

where a, 7 are as in subsection |1.2.4[ 

The canonical action of SUf_i{2) on S'^^^, that is the action obtained by restricting 
the coproduct of SU^{2) to the subalgebra j,, is actually a faithful action of 50^(3). 

With respect to the ordered basis {x-i, xq, xi}, this action on the subspace gener- 
ated by them is given by the following 50^(3)-valued 3 x 3-matrix( [37] ): 



(1+9 
9 



ah 



\ 



(l+g2)2 , (1+9^)2 

^ — ^^ac I + {q + q ^)bc ^ — 



bd 



\ 



cd 



I 



( where a, 6, c, d are as in subsection 1.2.5 



Recalling the correspondence in ( 1.2.26| ) and Proposition 5.1.1, the matrix in the 
a, 7 notation is : 



a 

,-2 



a7 



(l + ^-^)2a7 + 



Finally, in the symbols M, A^, G, C, L, the above matrix is : 



V 



L -^(l + /i-2)5C 

G (l + /i-2)^C* 



-^(l + /i-2)iM* 



/ 



(5.2.5) 



As a:_i,xo,xi generates 5^ ^,, the Woronowicz subalgebra of S'C/^(2) generated by the 
elements of the form < (gi 1, A[/(a)(77(8) 1) > is 50^(3) ( where ^, i] are elements of a 
belongs to 0(5^ and < •, • > is the S'C/^(2)-valued inner product oiH® SUfj^{2) ). 



5.3 Quantum Isometry Groups of the Podles sphere 

Here we will compute QISO^{S^^^) with respect to the spectral triple given in [24] and 
show that it is isomorphic with 50^(3). 

Let {Q,U) be an object in the category Q'^(Z)) and Q be the Woronowicz C* 
subalgebra of Q generated by < l),au{a){r] 1) >g, for ^,r/ belonging to 7i, a 
belongs to S'^ ^ (where < •, • >g is the Q valued inner product of W (8> Q). We shall 



149 



Quantum Isometry Groups of the Podles sphere 



denote ajj by (p from now on. 

The computation has the following steps: 

Step 1. We prove that (p is 'linear', in the sense that it keeps the span of 
{1, A, B, B*} invariant. 

Step 2. We shall exploit the facts that is a *-homomorphism and preserves the 
canonical volume form on 5^ that is the restriction of the Haar state of SU^{2). 

Step 3. We will compute the antipode of Q and apply it to get some more relations. 

Step 4. We will use the above steps to identify Q as a subobject of 5*0^ (3) which 
will finish the proof. 



Remark 5.3.1. The first step does not make use of the fact that a preserves the R- 
twisted volume, so linearity of the action follows for any object in the bigger category 



We now note down some useful facts for later use. 

Lemma 5.3.2. We observe : 

1. The eigenspace of D corresponding to {cil + 02) and — (C1/ + C2) are spanjv' 1 + 



-1 < m < 1} and span {u^ 1 



-I < m < 1} respectively. 



2. The eigenspace of\D\ corresponding to the eigenvalue (ci.^+C2) isspanja, 7, a* 
7*}. 



Proof : 1. follows from ( 5.2.3 ). To prove 2., we note that by 1, it is sufficient to 



1 1 T 1 

identify spanjv^^ 1, v| 1, v^ ^ v| 

2 ' 2 2 ',2 2 '2 2 ' 2 

Using ( |5.2.1| ) and ( |1.2.27| ), we have: 



1 

v'^_x 1 
2 ' 2 



2 ' 2 2 



2 ' 2 
2 ' 2 



a. 



vl 1 
2 ' 2 



2 ' 2 2 2 ' 2 

2 ' 2 



2 ' 2 
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2 ' 2 2 2 ' 2 2 

2 ' 2 2 ' 2 



2 ' 2 2 
1 

= Ni ^i{—fi^* — fj,sa* 

2'~ 2 

Combining these, we have the result. 
Lemma 5.3.3. 1. tt{A)v1^j^ G span{v|j^ 



iVF_i(^>(a-/xs7)) 

2 ' 2 



1 a 

2 ' 2 



1-1 

N' 



'm,N' ^m,N 



^(^*)^L,iV e span{v|^^i j^, vJ^^i N' v|^+i,n}- 

l-k ,.1-k+l 



2. 7r(^^)(7;' 



S spanjv 



'm,N' ^m,N 

3. vr(^"^'i?'^')«^)Gspan{v^_„,j, 



l-m'-n' 



J+k 



}■ 



4. 7riA^-B*%v'^^^) E span{ 



l-{n'+m'-l) 
'^m-n',N ' 

,1-s-r+l 



,J+n'+m' 
' ^m-n',N 



}• 



1-s-r 
'm+s,N' ^m+s,N ' 



.V 



1+s+r 
m+s,N 



}• 



Proof : Using ( 5.1.7 ) and ( 5.2.2 ), we have 



m,N 



1 + /U- 



2 ^m,Af 



□ 



Z+1 



l+/i2 



Thus, vr(^)t;^^^ belongs to spanjvj^ j^, vj^jj, vj;[;jj}. 

Similarly, using the expressions for B and B* from ( 5.1.7 ) and then using ( 5.2.2 



) just as above, we get the required statements for vr(S) and 7r(i?*). This proves 1. 
Repeated use of 1. now yields 2. ,3. and 4. □ 



5.3.1 Linearity of the action 

For a vector v in Ti, we shall denote by the map from B{Tl) to L^(5?7^(2)) given by 
Tv{x) = XV £ H C L'^{SU^{2)). It is clearly a continuous map w.r.t. the SOT on B{Tl) 
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and the Hilbert space topology of Lp'[SU^(2)). 

For an element a in SU^{2), we consider the right multiplication Ra as a bounded 
linear map on L'^{SU^{2)). Clearly the composit ion RqTu is a continuous linear map 
from B{n) (with SOT) to the Hilbert space L'^{SU^{2)). We now define 

'-L I^(y^ * 1/ (-J I jJj t^'-y 1/ 'y * . 

Lemma 5.3.4. For any state on Q and x belonging to S'^^, we have T{(j)i^{x)) = 
Mx) = RiiM^)) e ^ L\SU^{2)), where </.^(x) = (id u;)(0(x)). 

Proof : It is clear from the definition of T (using aa* + /U^77* = 1) that T{x) = x = 
Ri{x) for x in 5^ ,, C 13{7i), where x in the right hand side of the above denotes the 
identification of x in 5^ as a vector in L^(S'C/^(2)). Now, the lemma follows by noting 
that for X belonging to S'^^^, (/>(^(x) belongs to {S'^^^)", which is the SOT closure of 5"^^^, 
and the SOT continuity of T discussed before. □ 

Let 

V' = Span{/ , 1 , -I' <i<l', I' <l}. 

J, ±2 

As Spanjv' 1,— / < i < I}, is the eigenspace of l^l corresponding to the eigenvalue 
ciZ + C2, U and U* keep V' invariant for all /. 

Lemma 5.3.5. There is some finite dimensional subspace V of 0{SU^{2)) such that 

11 
Ra*[4>uj[-^)v'^,i)-,R^{4'u){-A)v'^ ,) belong to V for all states oj on Q. 

The same holds when A is replaced by B or B* . 

Proof : We prove the result for A only, since a similar argument will work for B and 

B*. 

We have (t){A){v'^ ^_ 1) = U{t:{A) ® l)U*{v^^ ® 1). 



1 



Now, U*{v^ I ® 1) belong to V2 Q, and then using the definition of vr as well 
as the Lemma 



5.3.3 



we get {'k{A) (g> l)[/*(t>2 (g, X) belong to Span{u'' 1 : < j < 
< 5}(8)Q = V5 (g)Q. Again, U keeps V 2 Q invariant, so iia*((/><^(^)('V^^, 1 )) belong 

3 — 3 

to Span{tia*,i; G V2}. Similarly, i?^((/)^;(^)(?;5^ 1)) belong to Span{i;7 : v £ V2}. So, 

J, ±2 

the lemma follows for A by taking V = Span{ua*,?;7 : v £ V^} c 0{SUfj_{2)). □ 

1 

Since a, 7* are in Spanjti^ 1}, we have the following immediate corollary: 

Corollary 5.3.6. There is a finite dimensional subspace V of 0{SUfj_{2)) such that 
for every state (hence for every bounded linear functional) lu on Q, we have T{(j)^{A)) 
belongs to V. Similar conclusion holds for B and B* as well. 
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Proposition 5.3.7. (j){A), (piB), (f){B*) belong to 0(5;,^) «'aig Q- 

Proof : We give the proof for (j){A) only, the proof for B, B* being similar. From the 
Corollary |5.3.6| and Lemma 5.3.4| it follows that for every bounded linear functional 



UJ 



5.1.2 



on Q, we have T{(j)^{A)) belongs to Vfj-S'^.c ^ 0{SUf,{2)) f]KeT:{ip) ( by Lemma 
and hence V f] 5^ ^ = ^ fl ^(•S'^,c)) where V is the finite dimensional subspace mentioned 



in Corollary 5.3.6 Clearly, V f]0{S^J is a finite dimensional subspace of (D{S^^^) 
implying that there must be finite m, say, such that for every lo, r((^tj(^))belongs to 
Span{^'^, A'^B'-, A^B*'' :0<k,l< m}. Denote by W the (finite dimensional) subspace 
of B{n) spanned by A''B\ A^B*^ : < fc, / < m}. Since for every state (and hence 
for every bounded linear functional) uj on Q, we have r((/)^(j4)) = Ri{(f)i^{A)) = (/)^(j4).1, 
it is clear that (puji^) is in W for every u in Q*. Now, let us fix any faithful state uj on 
the separable unital C*-algebra Q and embed Q in B{L'^{Q, uj)) = B{IC). Thus, we get a 
canonical embedding of CiTL® Q) in BiTL^K,). Let us thus identify 4>{A) as an element 
of B{T-L (8> /C), and then by choosing a countable family of elements {gi,g2,--.} of Q 
which is an orthonormal basis in /C = L'^{uj), we can write (p{A) as a weakly convergent 
series of the form I]^=i </'*-^(^) <^ \qi >< Qjl- But (p'^^^A) = (id uJij){(j){A)), where 
ujij{-) = uj{q* • Qj). So we have (p^-'iA) belongs to W for all and hence the sequence 
Yll^j=i (^) lit >< Qj\ belongs to W B{IC) converges weakly, and W being finite 
dimensional ( hence weakly closed ), the limit, that is (j){A), must belong to W B{K,). 
In other words, \i Ai, Ak denotes a basis of W, we can write (t){A) = ^*L^ Ai ® Bi 
for some Bi in B{1C). 

We claim that each Bi must belong to Q. For any trace-class positive operator 
p in Ti, say of the form p = J2j ^il' where {ei,e2, , ■■■} is an orthonormal 

basis of 7i and Xj > 0,^jAj < oo, let us denote by tpp the normal functional on 
B(7i) given hy x Ti{px), and it is easy to see that it has a canonical extension 
ipp ■■= (V'p ® id) on C{n (8) Q) given by ippiX) = < ej O l,X{ej O I) >q, where X 

is in C{TL® Q) and < •, •, >g denotes that Q valued inner product of Q. Clearly, ipp 
is a bounded linear map from CiTL® Q) to Q. Now, since Ai, A^ in the expression of 
(t){A) are linearly independent, we can choose trace class operators pi,...,pn such that 
ipp.{Ai) = 1 and ijjp^{Aj) = for j ^ i. Then, by applying ipp. on (p^A) we conclude that 
Bi belongs to Q. But by definition of Q as the Woronowicz subalgebra of Q generated 
by < ^ 1, (p[x){rj 01) >Q, with r/, ^ belonging to "H, we must have Bi belongs to Q. □ 

Proposition 5.3.8. (p keeps the span of 1,A,B,B* invariant. 

Proof : We prove the result for (p{A). The proof for the others are exactly similar. 



Using Proposition 5.3.7 we can write (p{A) as a finite sum of the form ^fc>Q 
Lete = t;Lo,^„. 
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We have U{S,) belongs to Span{u^ = —I, /, = ±^}. Let us write 

C/(^®1)= ^^L,iV®9(m,7V),{mo,7Vo)' 
m=-l,....l,N=±^ 

where j^-^ belong to Q. Since au preserves the i2-twisted volume, we have : 

9(m, AT), (m', N')1{rn,N), (m', TV') = ^- (5.3.1) 

m',N' 

It also follows that U{A^) belong to Span{t;^ at,"! = I'J' = 1-1,1,1 + 1, N = 



Recalling Lemma 



5.3.3 



we have 1) = Efe, ™=-i,...i,iv=±i ^''^L, N ® 

QkQ\jn, N), imo,No) + Sm', n'.nVO, m=-Z,....i,Af=±i ^"^ ^"^ '"L,N ® "^"i', n'^(m,Af), (mo,iVo) 
+ Z^r,s, s^O, m=-l,...l, Ar=±| ^''-^**^m,Af ^ ^r,sQ(m,N), (mo^No)- 

Let mg denote the largest integer m' such that there is a nonzero coefficient of 
A"^' B"^' ,n' > 1 in the expression of cj){A). We claim that the coefficient of v^^^i ^ in 

4>{A)U{^ 1) is Rm'„n'q[m,N), {mo,No)- 

Indeed, the term v^^^^, ^ can arise in three ways: it can come from a term of the 
form A^ '^mN ■^^'"mN ^^-^**^rnAf some m", n", k, r, s. 



In the first case, using Lemma 5.3.3 we must have / — m-Q — n' = / — m —n +t, 0< 



t < 2m and m — n' = m — n implying m = mg + 1, and since m^ is the largest integer 
such that such that A^'oB"^' appears in (j){A), we only have the possibility t = 0, that is 
v^^°, ^ appears only in A^'o B^' . 

In the second case, we have m — n' = m implying n' = 0. - a contradiction. In the 
last case, we have m — n' = m + sso that —n' = s which is only possible when n' = s = 
which is again a contradiction. 

Now, coefficient of v^^^°, ^ in U{A^ ® 1) is zero if m'^ > 1 ( as n' 7^ ). It now 



follows from the above claim, using Lemma |5.3.3 and comparing coefficients in the 



equality U{Ai ®1)= (t){A)U{i 1), that Rm'o,n'Q[m,N), (mo.iVo) = ^ ^' - ^' 

m,N when m-g > 1. Now varying (mg, Nq), we conclude that the above holds for all 



(mg, A'^g). Using (5.3.1), we conclude that 

Rm[^,n' Ylm',N' l\m,N), (m',Af')^(m, N),{m', N') = ^ for all n' > 1, 

that is, Rm'g^ n' = for all n' > 1 if m'^ > 1. Proceeding by induction on mg, we 
deduce Rm', n' = for all m' > 1, n' > 1. 

Similarly, we have Qk = for all > 2 and R'j. ^ = for all r > 1, s > 1. 

Thus, (piA) belongs to span{l, A, B, B* , B^ , B'\B*'^, B*™}. But the coeffi- 
cient of u^"^, ^ in (j){A)U {$^®1) is i?o,n'- Arguing as before, we conclude that Rq^ n' = 
for all n' > 2. In a similar way, we can prove R'q = for all n' > 2. □ 
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In view of the above, let us write: 

c^{A) = l®Ti+A®T2 + B®T^ + B*®Ti, 
(t>{B) = lCSSi+A(^S2 + BcsS3 + B*0S4, 

for some Ti,Si in Q. 



(5.3.2) 
(5.3.3) 



5.3.2 Homomorphism conditions 

In this subsection, we shall use the facts that (p is a *-homomorphism and it preserves 



the i?-twisted volume to derive relations among Ti,Si in ( 5.3.2 ), ( 5.3.3 ). 
Lemma 5.3.9. 



Ti 

Si 



1-72 

1+/X2^ 
-S2 



1+^2- 

Proof : We have the expressions of A and B in terms of the SU^{2) elements from the 
equations 



5.1.17 


),( 


5.1.18 


) and ( 


5.1.19 



I. From these, we note that h{A) = (1 + ) 



2^-l 



and h{B) = 0. By recalling Proposition 5.2.2 we use {h ® \d)(j){A) = h{A).l and 



□ 



{h ® \d)(j){B) = h{B).l to have the above two equations. 

Lemma 5.3.10. T* = Ti, T* = Ta, = T3. 

Proof : Follows by comparing the coefficients of 1 , A and B respectively in the 
equation 0(^*) = (l){A). □ 

We shall now assume that /U 7^ 1. The case n = I will be discussed separately. 
Lemma 5.3.11. 



3*282 + c(l + n''yS*sS-i + c(l + fi^fsiSi 
= (1 - T2)ii^^ + T2) - c(l + fi^Tsn - c(l + fJ^^f^Ts + c(l + ^2)2.1^ (5.3.4) 

-252*52 + (l+/i')53'53+^'(l+^')5:'54 = (Ai'+2r2-l)T2-/x2(lV)73T3*-(l+M')r3*r3, 

(5.3.5) 

^2*52 - 53*53 - /54*54 = -r| + /r3r3* + r3*r3, (5.3.6) 
52*54 + 53*52 = -(^2 + j.2)r* + T^l - T2), 

52*53 + fi^SlS2 = -T2T; - fi^TsT2, 



^4^3 = — -^3 • 



(5.3.7) 
(5.3.8) 
(5.3.9) 
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Proof : It follows by comparing the coefficients of 1, A, A^, B* , AB and B^ in 
the equation (p{B*B) = (p{A) - cpiA^) + cl and then substituting ^i, Ti, T^,T4, by 
ji^, , T2, T3 respectively by using the relations in Lemma 5.3.9 and Lemma 



□ 



Lemma 5.3.12. 



-^2(1 - T2) + c(l + fi^fSsT^ + c(l + fi^fs^Ts 



- T2)S2 + cf/{l + fj^nS^ + cfi\l + fi^T^Ss 



(5.3.10) 



S2-2S2T2 + {l+fi^){l^^S3T*+Sin) = i^^S2-2fi^T2S2+ti\l+fi^)TsSi+f,\l+ti^)T*S3, 

(5.3.11) 
(5.3.12) 



S2T3 + 53(1 - T2) = -fi^nS2 + - T2)S3, 
- 82^ + Sa{1 - T2) = /i2(l - T2)Sa - fi^nS2, 

S2T3 + ^1^83X2 = fiHT2Ss + fi^ns2), 



(5.3.13) 
(5.3.14) 
(5.3.15) 

'3 — -^3 ^4- (5.3.16) 

Proof : It follows by equating the coefficients of 1, A, B, B*,AB, B^ and B*^ in the 
equation (f){BA) = fi'^(j){AB) and then using Lemma 5.3.9 



S3T3 = /i T3S3, 



and Lemma 



5.3.10 



□ 



Lemma 5.3.13. 

52^2* + C(l + ^2)2535* + c(l + fi^fSiSl 

= - T2){1 + f?T2) + c(l + ^i^fT3n + c(l + ^i''fnT3 + c(l + i?f.l, (5.3.17) 



-252^2* + ^^(1 + f^^)S^Sl + (1 + ^?)SaSI 

+ f?)T2 - 2/(1 - r2)r2 - /(I + iM^)T3T^ - /(I + ^M'')T*T3, (5.3.18) 

(5.3.19) 
(5.3.20) 
(5.3.21) 
(5.3.22) 

Proof : The Lemma is proved by equating the coefficient of 1, ^4, i?, ^ AB, B^ 



S2SI - 838*2 = + /)r3 - /(I - r2)r3 - /r3(i - T2), 

828*2 - fi^838*3 - 8^81 = -/r| + fi^T3T; + fi^T^T3, 

828: + 11^838*2 = -p.^T2T3 - /i^T3r2, 

838I = -fi^Ti. 
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in the equation (p{BB*) = n'^(p{A) — fj,'^(l){A'^) + c.l and then using Lemma 5.3.9 and 
Lemma 15.3.101 □ 



5.3.3 Relations from the antipode 

Now, we compute the antipode, say k of Q. 



To begin with, we recall from Lemma 5.1.3 and Proposition 5.1.5 that xq, xi} 

is a set of orthogonal vectors with same norm. 

Lemma 5.3.14. If x'_i, x'q, x\ is the normalized basis corresponding to xq, xi}, 

then from ( \5. 3.2 ) and ( 5.3.3 ) we obtain 

0(x'o) = ® + fi^)^T^ + x'q + x'l (1 + ti^YT^, 
= x'_^ -^iSl + x'o ® (1 + ^I'^y^^Sl + x'l 

Proof : As x_i, xq, xi have same norm, it follows that x\ = i^Xj, where K = 
Now, using ( [5.1.7 ) and ( 5.3.3 ), we have 



Ktji + fi'^y- 

Kt{l + n 



2,\ 



Kx-i ® + Kxq (g) 



1 - t-^xo 

S2 



j2X-l 



Ml +^2), 



- + Kxi 



t(l + M)2 

5*4 



^(-/^ ^Xl) 

i(l + M)^ 



( by Lemma 5.3.9 



5*4 



x'_i ^3 + x'o eg) -Ai"^(l + Ai^) '5'2 + x'l ® -/i'^5'4. 



By similar calculations, we get the second and the third equations. 



□ 



Hence, (p keeps the span of the orthonormal set {x'_^, Xq, x'^} invariant. More- 
over, (p is kept invariant by the Haar state h of SUfj_{2). Therefore, we have a unitary 
representation of the CQG Q on span {x'_^, x'q, x'^}. 

Using T4 = T3 from Lemma 5.3.10 the unitary matrix, say Z corresponding to (p 



and the ordered basis {x'_i, x'q, x'^} is given by : 
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( 



Z 



S3 
-S2 



53* 



(5.3.23) 



/ 



Recall that ( cf [41] ), the antipode k on the matrix elements of a finite-dimensional 
unitary representation U" = (n^g) is given by K{Upg) = (Ugp)* . Hence, the antipode is 
given by : 



k{S3) = 53, k{S4,) = I? Si, k{T^ 



^(52)=/x2(l+/,2)r*, 



52 



k{SI) = (1 + ii^)T3, k{SI) = S3, k{SI) = fx-^Sl 

Now we derive some more equations by applying n on the equations obtained by 
homomorphism condition. 

Lemma 5.3.15. 

/(I + fi^fnn + c^'(i + f^^?s*sS3 + cfi\i + fi^s^si 



fl\l - T2){fl' + T2) - C5252* - 0^2*^2 + Cfl\l + li^f.l 



(5.3.24) 



-2/(1 + fi^fnT3 + + fi^fs*^S3 + /(I + fx^fSiSl 



+ fi^)T2{fI^ + 2T2 - 1) - ^52^2* - ^2*52, 



(5.3.25) 



/(I + fi^nn - /(I + /) ^3*^3 - + f^Ts.s: 



-/(I + /) V| + ^52^2* + S*2S2, 



(5.3.26) 



+ f^YS4T3 + + /) = -S2(/ + T2) + (1 - r2)52, 



(5.3.27) 



S,S3 = -—-^. (5.3.28) 

Proof : The relations follow by applying k on ( [5.3.4 ), ( 5.3.5 ), ( 5.3.6), ( 5.3.7 ) 
and ( 5.3.9 ) respectively. □ 
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Lemma 5.3.16. 



- T2)T^ + cS2S*3 + cS*2Si = -/i^r^l - Ta) + cii'S^S^ + c/i^ 53*^2, (5.3.29) 



S3S2 — ^'^8283, 



S2S4, — /i S4S2, 
S2T3 + (1 - T2)S3 = -fi^T;S2 + /i^^sCl - T2), 

- 82^ + (1 - 72)^4 = /x254(l - T2) - ^?nS2, 
T3S2 + ^^'^3^2 = /x'(r253 + /U^SaTs). 



(5.3.30) 
(5.3.31) 
(5.3.32) 
(5.3.33) 
(5.3.34) 



Proof : The relations follow by applying k on ( |5.3.10| ), ( |5.3.15| ), ( |5.3.16| ), ( |5.3.12 
( 5.3.13 ) and ( 5.3.14 ) respectively. □ 



Lemma 5.3.17. 

= /(I - r2)(l + n^T2) + C52S2* + c52*52 + c^2(l + ^2)2.1, 

c c '-'2 

03D4 — 



(1 + /"^ 



2^2' 



(5.3.35) 
(5.3.36) 



/i^(i + f^^fsm - + fj^rTsS*^ = m'(i + fi-')s*2 - /.^52*(i - T2) - ^^(1 - r2)52*, 

(5.3.37) 

(1 + fi^fsiT^ + + iJi^fT^Sl = -fi^S*2T2 - IJ^T2S*2. (5.3.38) 



.2x2 



Proof : The relations follow by applying k on (5.3.17), (5.3.22 ), ( 5.3.19 ) and (5.3.21 1 
respectively. 



□ 



Remark 5.3.18. It follows from ( 5.3.28 ) and ( 5.3.36 ) that n'^S^Sj. = S^S^. 



5.3.4 Identification of 5*0^(3) as the quantum isometry group 

Motivated by ( [5^ ) and ( |5.3.23| ) we are led to state and prove the following statement 



The map 50^(3) ^ Q sending M, L, G, iV, C to -(1 + ^2)-i52, S3, - f^'^S^, (1 + 
— T2), fiT^ respectively is a * homomorphism ( See Proposition 5.3.30 ). 



To prove this, it is enough to show that all the relations of S'0^(3)( as in ( 5.2.4 ) ) 



when translated to relations of QISO~l^{0{S'^^^), Tl, D) via the above map are satisfied. 
Hence, we list the relations one by one. 
L*L = (I - N){I - n'^N) gives 
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s*s, = (1 - i^)(i - = ^^(MWi^ai:^), 

which implies 

+ i,'fs*,Ss = (/x^ + T2){Al + I,') - (1 - r2)). 
LL* = (1 - fj,^N){l - fi^N) gives ^3^3* = (1 - /x2(i=p))(l - Aj^)) implying 

(1 + m')'^3S3* = (1 + I^'T2){{1 + m') - /(I - ^2)). 

G*G = GG* = gives -f (-f ) = ("f )(-f ) = implying 

D4D4 — D4D4 — — — ^;:2~- 
(1 + /x^j 

M*M = N - gives 

^2*52 1 - r2 (1 - Ts)^ 



2 ' 



(1 + fi^y 1 + (1 + /x2) 

which means ^ .^ 2 = ^ — , — ^jr^^ ^ implying 

J (,l"rM J 

S2*-S2 = (l-r2)(/x2+T2). 

MM* = ii^N - ii^N^ gives ^^^j^ = M^(t^) - f^Hi^f, which implies 

52^2* -T2) (1 + ^2 j.^). 

C*C = N-N^ gives /xTaVTa = i=p - ij^f, which implies 

(1 - T2)(/x2 + r2) = /x2(l + m') 

^2(i^^.)(,_^r^)_^4(i_r,)2 ^ Therefore, (1+^2)(1-T2)-//2(1 - rs)^ = (1 + M')'r3T3*. Thus, 

(1 - r2)(i + ^?T2) = (1 + ti^fnn- 

LN = fi^NL gives SsCj^^) = Aj^)S3, implying 

^3(1 - T2) = - T2)S3. 

GN = NG gives -f ) = (T^)(-f ), which implies ^4(1 - T2) = (1 - T2)S4. 
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Thus, 

S4T2 = T2S4. 

MN = ix-'NM gives = implying 

52(1 - T2) = - T2)S2. 

CN = fx'^NC gives fJ-T^i^) = ^2(1=12)^^3, which imphes 

r3(i - T2) = fi^i - T2)n. 

LG = fi^GL gives Ss{-fi-^Si) = ^I'^i-^-^ 34)83, that is, 

S3S4 = iJ.'^S^S^. 
LM = 11^ ML gives S^i-^) = li'^{-^)S3, that is, 

'S'3S'2 = 1X^8283. 

MG = fx^GM gives (-^)(-^) = ^2(_^)(__|^)^ ^^^^ -^^ 

8284 = S'45'2. 
CM = MC gives (/xr3)(-^) = {-^){^iTs), that is, 

^352 = >S'2T'3. 



LG* = n'^G*L gives S3(-^) = //^(-^)53, that is, 

8382 = /x^S'lS'3. 
M2 = ^^-^LG gives {-j^^f = fi-^83{-f), that is, 

8384 = — 08^. 

(1 + /^^)' 

M*L = ix-\l - N)C gives -^83 = /^-^(l - i=p)/xT3, that is, 

.2 



-52*53 = (/x^ + r2)r3. 
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N*=N gives 



that is, 



Thus, we are led to prove the following lemmas, in some of which we will need 
fi'^ ^ 1. The case = 1 will be dealt separately. 

Lemma 5.3.19. 8^82 = (1 - T2){n^ + T2). 



Proof : Subtracting the equation obtained by multiplying c(l + /i ) with ( 5.3.5 ) 



from ( 5.3.4 ), we have 



(1 + 2c(l + ^'))SIS2 + c(l + ^2)2(1 _ ^^)SlSi 



2\ ri* , 



(1 - T2)(/i2 + Ta) - c(i + + - i)r2 + c(i + - i)r3r3* + C(l + /u2)'.l. 

(5.3.39) 



Again, by adding ( 



5.3.4 



with c(l + /i^)^ times ( 



5.3.6 



gives 



(1 + c(i + ii^) )siS2 + c(i - /)(i + ^?) sis^. 



(1 - T2){^i' + T2) - c(l + ^?fTi + c(l + li'Yili' - l)T^T^ + c(l + /x^)^l. (5.3.40) 



2n2/,,4 



.2x2 



Subtracting the equation obtained by multiplying [y? + 1) with ( 5.3.39 ) from ( 5.3.40 
) we obtain 



.(^2 ^ ^ ;,2)2^^.^^ ^ _ j.^^^^2 ^ _ ^ ^2)2^.2 



-(1 + /i2)(i - r2)(;u2 + r2) - c/i2(i + ;u2)'.i + c(i + ;u2)'(^2 ^ 2r2 - i)r2. 

The right hand side can be seen to equal — (/^^ + c(l + /i^)^)(l — T'2)(/i^ + T2). Thus, 

52*52 = (i-r2)(M' + r2). □ 



Lemma 5.3.20. 



^2(1 + ^^fr^T:, = (1 - T2)(^2 ^ j.^) 
(1 + ^2) V3T3* = (1 - r2)(i + i?T2), 

S2S*^=fl\l-T2){l + fI^T2). 



(5.3.41) 
(5.3.42) 
(5.3.43) 



Proof : Applying k on Lemma 5.3.19 we obtain ( 5.3.41 



Unitarity of the matrix Z ( ( 2, 2 ) position of the matrix Z*Z ) gives /^^(l + 
H'^)T*T3 + r| + (1 + fi'^)nT^ = 1. 
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Using ( |5.3.41| ) we deduce -(1 + y^fT^T^ = (Ta - 1)(1 + ^^Ta). Thus we obtain ( 
5.3.42I ). 



Applying k on ( 5.3.42 ), we deduce ( 5.3.43 ). 
Lemma 5.3.21. SlSi = S^Sl = (1 + li'^)''^ ix"^ {I - . 



□ 



Proof : Adding ( 



5.3.25 



and 



5.3.26 



), we have : + ^l'^f{l - li^)T*Tz + 



Using /i^ 7^ 1, we obtain, 



Now using ( 5.3.41 ) and ( 5.3.43 ), we reduce the above equation to 



/(I + fiTs^si 

= V(l - T2){T2 + m'?2 + + + + /i2)(l - T2)(//2 + T2) 

= ^i\l-T2f. 



Thus, 



/.4(l+^2)2 



{l-T2f 



Applying k, we have 5|54 



(I + /.2 
2 



:2i^-T2f. 



4-4 - j^^{l-T2 



Thus, 54*54 = 545| = jY^ii - T2f. 



Lemma 5.3.22. ^^(1 + M^)^5^53 = + T2)[^^\l + fi'') - (1 - T2)]. 



□ 



Proof : Using Lemma 5.3.19 in ( 5.3.4 ), we have 



5^53 + T^Ts + TsTg* + 54*54 = 1. 



(5.3.44) 



The lemma is derived by substituting the expressions of T^Ts, T3T3 and 5|54 from 
( |5.3.41[ ) , ( |5.3.42| ) and Lemma |5.3.21| in the equation ( |5.3.44| ) . □ 



Lemma 5.3.23. (1 + ^l'^f S^^S*^ = (1 + ^x'^T2){l + fi^ - - T2)). 

Proof : By unitarity of the matrix Z, in particular equating the ( 1, 1 ) th entry 
of ZZ* to 1 we get S^Sl+iP'{l + ^J^)T2.T^ + ^^5*5^ = i_ Then the Lemma follows by 
using ( 5.3.42 ) and Lemma 5.3.21 in the above equation. □ 
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Lemma 5.3.24. -8^83 = {^P + T2)T2,. 



Proof : By applying * and then multiplying by /x^ on ( 



5.3.7 



we have /i^S'nS's + 



we have 



5.3.8 



^25-152 = -^^Tsin^ + T2) + - T2)T3. Subtracting this from ( 
(1 - 1^^)8*283 = -T2T3 - ^?T3T2 + /x^TsC/i^ + T2) - /i2(l - T2)T3 which implies -52*53 
{y? + T2)T3 as / 1. 



□ 



Lemma 5.3.25. 52(1 - T2) = - T2)82. 



Proof : Applying k to Lemma 5.3.24 and then taking adjoint, we have 



^2(l+/i2)V3*53 = -(/i2+r2)52. 



(5.3.45) 



Adding ( 5.3.37 ) and ( 5.3.38 ) and then taking adjoint, we get ( by using ^ 7^ 1 ) 



fi\l + fi^fT38, = fi\l-T2)82. 



(5.3.46) 



Moreover, ( [5.3.27 ) gives 

+ fi^f8^T3 = -52(/i2 + T2) + (1 - r2)52 - m'(1 + f^^fnS3. 



Using ( 5.3.45 ), the right hand side of this equation turns out to be 52(1 — T2). 
Thus, 



+ 8^X3 = fx-'' 82(1- T2). 



(5.3.47) 



Again, application of adjoint to the equation ( 5.3.37 ) gives : 



Ai2(l + fl'fS3n = -/^'(l + ^')'7354 - + fl^)S2 + /(I - r2)52 + /X^52(l - T2) . 



Using ( 5.3.46 ), we get 



(i + ^2^'53r3* 



-52(i + /x2r2). 



(5.3.48) 



Using ( |5.3.45| ) - ( |5.3.48| ) to the equation ( |5.3.11| ) , we obtain : 

52 - 252r2 - (1 +/x2)- V252(l + //2T2) +/X-2(1 + ^2)-1^2(l _ j.^) = n' 82 " 2fl'T282 + 
(1 + ls'r'lS%l - T2)82 - (1 + /U2)-1(/X2 + r2)52. 

This gives 

ti^82T2 + 82(1 - T2) - fl^{82 - T282) + /52 + m2T252 = 0. 

Thus, fl\l+fP)[82{l - T2) - ;U2(1 -T2)52] +52(1 -r2) -/i2(52 -r252) +^^[52(1 - 
T2) - fl\l - T2)82\ - /x6(l - r2)52 + Ai^52(l - T2) + ^2(52(1 - T2) - /x2(l - r2)52) = 0. 



+ /x2)[(52 - 52r2) - {f?82 - fl'T282)] " f^^l + fi'){82T2 - 11^X282) " fl^82 
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On simplifying, (/u^ + 2^^ + 2^^ + l)(S'2(l - Ta) - ^^(i _ T2)S2) = 0, which proves 



the lemma as < // < 1. 
Lemma 5.3.26. 



□ 



T3(i-r2) = /i2(i-r2)r3, 

S3SI = fi^SlSs. 



(5.3.49) 
(5.3.50) 



Proof : The equation ( 5.3.49 ) follows by applying k on Lemma 5.3.25 and then 
taking *. 



We have 5*1 S'3 = — T| from ( 5.3.9 ). On the other hand we have S^S^ = —fi'^T? 



from ( 5.3.22 ). Combining these two, we get ( 5.3.50 ). 



Lemma 5.3.27. S4T2 = T2S4. 



Proof : Subtracting ( 5.3.33 ) from ( 5.3.13 ) we get the required result. 



□ 



□ 



Lemma 5.3.28. T3S2 = S2T3 



Proof : By applying * on ( 5.3.32 ) and then subtracting it from ( 5.3.12 ) we obtain 



S2T3 - T3S2 = 0. 



Lemma 5.3.29. 53(1 - T2) = - T2)53 



□ 



Proof : By adding ( |5.3.12| ) with ( |5.3.14| ) we obtain 

53(1 - T2) + IX^S3{T2 - 1) = - l)T3S2. 

Thus, using /i^ / 1, 

S^{l-T2) = -^?T3S2. 
Moreover, by applying * on ( 5.3.32| ), we obtain 

- T2)S3 = /x'SsTs - T3S2 + 53(1 - T2). 

Thus, 

/(I - r2)53 = /52T3 - fl^T3S2 + fi^Ssil - T2). 
Hence, to prove the Lemma it suffices to prove: 

^3(1 - T2) = /52r3 - ^,^T3S2 + ll^S3{l - T2). 



(5.3.51) 



After using r3S'2 = 5'2T3 obtained from Lemma 5.3.28 we get this to be the same as 
(1 - /x2)53(l - T2) = fi^ifi^ - l)T3S2. This is equivalent to ^3(1 - ^2) = -^1^X382 ( as 



// 7^ 1 ) which follows from ( 5.3.51 ) 



□ 
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Proposition 5.3.30. Assume / 1. The map S0^{3) Q sending M, L,G, N,C to 
-(l + //2)-i52, 53, -/x^^54, (l+/i2)-i(l-r2), respectively is a * homomorphism. 



Proof : Now, we note that the proof of this Lemma reduces to verification of the 
relations on Q as derived in Lemmas |5.3.19| - 5.3.29 along with the following equations 



'S'35'4 = ix^S^S^, 
S3S2 = /^^ 5*253, 
5254 = /i'^5452. 



535 



3'-'4 



At 



q2 



which follow from Remark 5.3.18 ( 5.3.30| ), ( 5.3.31 ), ( 5.3.36 ) respectively. 



(5.3.52) 
(5.3.53) 
(5.3.54) 

(5.3.55) 

□ 



Theorem 5.3.31. For /x / 1, QISO^{0{SlJ, H, D) ^ 50^(3). 



Proof : We have seen in Theorem |5.2.3 that SU^{2) is an object in Q^(D) and 



50^(3) is the corresponding maximal Woronowicz subalgebra for which the action is 



5.3.30 



faithful. Thus, 50^(3) is a quantum subgroup of QISO]^{D). Now, Proposition 
implies that QISO^{D) is a quantum subgroup of 50^(3), thereby completing the 
proof. □ 



Remark 5.3.32. We observe that in the proof of Theorem 5.3.31 , the only place where 
the structure of D was used was in Proposition \5.3.^ and there we used the fact that the 
unitary commutes with \D\ . Thus, if we replace this spectral triple by {0{S'^^^),H, \D\), 
everything remains same and we deduce that 

QISO+{0{Sl,),n, \D\) ^ QISO+{0{Sl,),n,D) ^ 50^(3). 
5.3.5 The quantum isometry group in the case /i = 1 

As we had mentioned earlier, some of the Lemmas which were required for the proof of 



Theorem 5.3.31 needed the condition // 7^ 1. In this subsection, we will give the proof 
for /i = 1 case. 

To begin with, we prove some of the Lemmas in the case /i = 1 which needed /i 7^ 1 



previously. We note that the proofs of Lemmas 5.3.19, 5.3.20 5.3.25 5.3.26 5.3.27 



5.3.28 go through even in the case fi = 1. Therefore, we can use these Lemmas here. 



Lemma 5.3.33. 53(1 - T2) = (1 - T2)53. 



Chapter 5: Quantum isometry groups of the Podles spheres 



166 



Proof : From ( 5.3.34| ) , we obtain T^S2 + 8^X2 = T253 + 52T3 



Using T'iS2 = 52 T3, from Lemma 5.3.28 we have S'3r2 = r2S'3 which proves the 
Lemma. 



□ 



Lemma 5.3.34. 52(1 - T2) = (1 - T2)S'2. 



Proof : From ( 5.3.15 ) and ( 5.3.16 ), we have respectively S'3T3 = T3S'3 and 



SiT^^ = r3S'4. From ( 5.3.41| ) and ( 5.3.42 ), we see that in the case = 1, is 



normal. Hence, S^T^ = T^^S^ and S/{T-^ = r35'4. Using these in ( 5.3.10 ), we have 

52(i-r2) = (i-r2)52. □ 

Lemma 5.3.35. ^3^^ = S^S^i. 



Proof : Multiplying by 4 the equation ( 5.3.20| ) , we have 

45252 - 45353 - 45454 = -4r| + 4r3r3* + 4r3*r3. 



Again, from ( [5.3.25 ), we have 



16T3*r3 - 45|53 - 4545^ = -4r| + 5252* + 52*52. 



Subtracting this from the previous equation, we have 



45252* - 4(5353* - 53*53) - I6r3*r3 = 4r3r3* + 4r3*r3 - 5252* - 52*52. 



Again using Lemma 5.3.19, ( 5.3.41 ), ( 5.3.42| ) and ( 5.3.43| ) in this equation, we 
obtain 

-4(5353* - 53*53) = 4(1 - r|) - 6(1 - r|) + 2(1 - r|) = o, 



which implies 5353 = 5353. 
Lemma 5.3.36. 5|54 = S^Sl. 



□ 



Proof : From ( 5.3.5 ), we have 



-25^52 + 25353 + 25454 = 2T| - 2r3T3* - 2T3*r3. 



Again, from ( [5.3.18 ), we obtain 



-25252 + 25353 + 25454 = 2T2 - 2(1 - r2)r2 - 2r3r3* - 2r3*T3 



Subtracting this from the previous equation and using Lemma 5.3.19 ( 5.3.43 ) and 
Lemma 5.3.35 we get 2(5|54 — 545|) = implying 5|54 = 545|. □ 
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Now we prove that QISO^{0{Si J, H, D) is commutative as a C* algebra. As 
QISO^{0{Sf^^), H, D) is generated by T2, T3, ^2, 5*3, ^4, it is enough to show that 
these elements belong to the centre of QISO^{0{S^^^), H, D). 

Lemma 5.3.37. T2, T3, ^2, ^3, £'4, belong to the centre of QISO\{0{Sl ,), Ti, D). 



Proof : T2 is self adjoint. From ( 5.3.41 ) and ( 5.3.42| ) we note that T3 is normal in 
the case /i = 1. From Lemma 5.3.19 and ( 5.3.43| ), we deduce that ^2 is normal in the 
case fx = 1. Similarly, from Lemma 5.3.35 and Lemma 5.3.36 we obtain that S3 and S4 
are normal. Hence, it is enough to show that the elements T2,T3, S2, S3, S4 commute 
among themselves. 



Now, from ( 5.3.49 ), Lemma 5.3.34 Lemma 5.3.33 Lemma 5.3.27 we get that T2 



commutes with T3, S2, S3, S^ respectively. From Lemma 5.3.28 and ( 5.3.15 ) we have 



that T3 commutes with S2, S3 respectively. Now taking adjoint on the equation ( [5.3.16 



) we obtain that T3 commutes with 5*4 implying that T3 commutes with S4. From ( 



5.3.30 ) and ( 5.3.31 ), we have that S2 commutes with 5*3 and S4 respectively. Finally, 
5*3 54 = 5*4 S'3 follows from Remark |5. 3. 18[ □ 



From Lemma [5.3.37 we deduce the following. 

Theorem 5.3.38. QISO^{0{SlJ,n, D) is commutative as a C* algebra and hence 
coincides with the classical compact quantum group of orientation preserving isometrics 
of the sphere, that is, C{S0{3)). 

Remark 5.3.39. Our characterization of 50^(3) as the quantum isometry group of a 
noncommutative Riemannian manifold generalizes the classical description of the group 
S0{3) as the group of orientation preserving isometrics of the usual Riemannian struc- 
ture on the 2-sphere. R may be mentioned here that in a very recent article ( [54]), P- 
M. Soltan has characterized SO^{2>) as the universal compact quantum group acting on 
the finite dimensional C* -algebra M2(C) such that the action preserves a functional lv^ 
defined in [54]- In the classical case, we have three equivalent descriptions of S0{3): 
(a) as a quotient of SU{2), (b) as the group of (orientation preserving) isometrics of 
S'^, and (c) as the automorphism group 0/M2. In the quantum case the definition of 
S0fj_{3) is an analogue of (a), so the characterization 0/5*0^(3) obtained in this paper 
as the quantum isometry group, together with Soltan's characterization, completes the 
generalization of all three classical descriptions of S0{3). 

5.3.6 Existence of qIs6+{D) 

For the above spectral triple we have been unable to settle the issue of the existence 
of QISO^{D) which is the universal object ( if it exists ) in the category Q'(D) men- 



tioned in subsection 3.2.2, Nevertheless, we now show that if it exists, the Woronowicz 
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subalgebra QISO^{D) must be 50^(3). In particular, the universal object in the sub- 
category of CQG s acting by orientation preserving isometries and containing 50^(3) 
as a quantum subgroup exists. 

Lemma 5.3.40. If QISO^{D) exists, its induced action on S'j^ ^,, say a^, must preserve 
the state h on the subspace spanned by {1, A, B, B* , AB, AB* , , , B*'}. 

Proof : Let Wo = C.l, Wi = Span{l, A, B, B*}, 
Wa = Spanil, A, B,B*,AB,AB*,A'^,B^,B*'^}. 



We note that the proof of Proposition 5.3.8| and the Lemmas preceding it do not 



use the assumption that the action is volume preserving, so the proof of Proposition 



5.3.8 goes through verbatim implying that ao keeps invariant the subspace spanned 
by \1,A,B,B*} and hence it preserves Wa as weh. Let Wa = Wi W be the 

2 2 2 

orthogonal decomposition w.r.t. the Haar state (say Hq) of QISO^{D). Since 5*0^(3) 
is a sub-object of QISO^{D), there is a CQG morphism vr from QISO^{D) onto 5*0^(3) 
satisfying (id(E>7r)ao = where A is the SO^{3) action on 5^^^. It follows from this that 
any (5/S'0+(D)-invariant subspace (in particular W') is also 5'0^(3)-invariant. On the 
other hand, it is easily seen that on Wa, the /S'Ou(3)-action decomposes as Wi © W", 

2 2 

(orthogonality w.r.t. h, the Haar state of SO^(3))), where W" is a five dimensional 
irreducible subspace. 

We claim that W = W", which will prove that the Q/S'0+(D)-action oq has the 

same /i-orthogonal decomposition as the S'0^(3)-action on Wa, so preserves C.l and its 

^ a 

/i-orthogonal complements. This will prove that ao preserves the Haar state honW^. 

We now prove the claim. We observe that V := W f] W" is invariant under the 
S'0^(3)-action but due to the irreducibility of A on the vector space W or W", it has 
to be zero or W' = W". Now, dim(V) = imphes dim(>V') + dim(yV") = 5 + 5 > 9 = 
dim(VV3) which is a contradiction unless W' = W". 

2 

□ 

Theorem 5.3.41. If QISO+{D) exists, then we have QISO+{D) ^ 50^(3). In par- 
ticular, the universal object in the subcategory o/Q'(D) with objects containing S0^{3) 
as a sub- object, exists. 



Proof : In Lemma 5.3.40 it was noted that Proposition 5.3.8 follows as before. We 



observe that the other Lemmas used to prove Theorem 5.3.31 require the conclusion of 



Lemma 5.3.40 as the only extra ingredient. □ 
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5.4 The spectral triple by Chakraborty and Pal on 5*^^, c > 


Now, we shall consider another class of spectral triples on the Podles spheres and show 
that they give rise to completely different quantum groups of (orientation preserving) 
isometrics. Indeed, for these spectral triples, we have been able to prove the existence 
of QISO+ and identify it with the CQG C*(Z2 * Z°°) where Z~ denotes countably 
infinite copies of the group of integers. 

In this section, we will work with c > 0. 

5.4.1 The spectral triple 

Let us describe the spectral triple on S'^ ^ introduced and studied in [14]. 

Let n+ = n- = f {IN []{{)}), n = n+®n- . 

Let {e„,n > 0} be the canonical orthonormal basis of 7i+ = li.- and N be the 
operator defined on it by N{en) = ne-n- 

We recall the irreducible representations 7r_|_ and 7r_ : 'H± — > 'H± as in [14]. 

7r±(A)e„ = A±/x2"e„, (5.4.1) 

7r±(-B)e„ = c±(n)^en_i, (5.4.2) 



where 



e_i = 0, A± = ^ ± (c + ^) ' , c±(n) = Ai/x^- - (Ai/x^")' + c. (5.4.3) 



N 
^ N 

2 ^ 



Let TT = 7r+ TT- and D = 



Then {Sj^^^,7r,Ti., D) is a spectral triple. 
We note that the eigenvalues of D are {n : n G Z} and eigenspace is spanned 

by I "1 corresponding to the positive eigenvalue n and ( " ] for the negative 
\ en y \^ -e„ J 

eigenvalue —n. 
Lemma 5.4.1. 

7r+(S*)(e„) = c+{n+l)hn+i, 

7r_(B*)(e„) = c^{n+l)hn+i. 

Proof: (^TT{B){J2nCn ( ^0 ) ) " SnCnC+(n)2 (e„_l, e„/) = Cn'+l 

c+(n' + 1)2 = ^^CnC+{n' + 1)2 {en, e„/+i) = En^n 
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' / \ /v- ( ( c+(n' + l)2e„/+i 

e„, c+(n' + l)2e„'+i ) = ( En c»i ' ' ' 



/ \ 



n+l- 



Hence, 7r_|_(i?*)(e„) =c+(n+l)2e- 

1 

Similarly, 7r_(i?*)(en) = c_(n + l)2e„+i. □ 







Lemma 5.4.2. If Pn, Qn denote the projections onto the subspace generated by 

and I I respectively, then Pn,Qn belong to tx{S'1^). 
\en ) 

Proof : We claim that for all n 7^ 0, c+(n) and c_(n) are distinct. 
Let c+(n) = c_(ra). Therefore, A+^i^" _ {X+fi^^'f + c= A_m^" - (A-zx^")^ + c. This 
implies (A+ + A_)/x^"' = 1. Thus, /i^" = 1 and so n has to be 0. 

Now, for all n > 1, 7r{B*B) ) = c+(n)^7r(B*) ^ "'^"^ j = c+(n) ^ j . 

Similarly, for all n > 1, Tr{B*B) I ^ ) = c_(n) ( ^ | . 

Hence, for all n > 1, c+(n) and c_(n) is a discrete distinct set of eigenvalues of B*B 
with eigenspace spanned by [ " ] and [ ] respectively. Hence, the eigenpro- 

V ; \en J 

jections corresponding to these eigenvalues belong to the C*{B*B) C Tr{S'^ f,). Hence, 
Pn, Qn belong to 7r(S'^ j,) for all n > 1. 

Moreover, .(A) ( ^ ) = A. ( 'J ) and .(A) 

Thus, by the same reasons as above, Pq, Qq belong to 7r(5'^ g). □ 

Lemma 5.4.3. 7r(52 j" = { [ ) belong to B{n H) : X12 = X21 = 0}. 

Proof : It suffices to prove that the commutant 7r(5^^)' is the Von Neumann algebra 

of operators of the form { | ^ ] for some ci, co in C. We use the fact that 7r+ 

\ C2I J 

and 7r_ are irreducible representations. 



Let X = 



( Xii X12 \ 

I G T^iSj. „) . Using the fact that X commutes with 

\ A22 J 

7r(A), tt{B), 7r(i?*), we have: Xu belongs to tt+{S'^^^)' = C and X22 belongs to 
7r_(>S^^^)' = C, so let Xu = cil, X22 = C2I for some ci, C2. 
Moreover, 

Xi27r_(^) = 7r+(^)Xi2, (5.4.4) 

Xi27r_(S) = 7r+(5)Xi2, (5.4.5) 
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Xi27r„(S*) =7r+(B*)Xi2. 



(5.4.6) 



Now, ( 5.4.5 ) implies Xi2eo belongs to Ker(7r+(B)) = Ccq. Let Xi2eQ = pqEq. 
1 1 

We have, 7r+(i?)(Xi2ei) = c^(l)Xi2eo = poct{l)eo, that is, 7r+(-B)(Xi2ei) belongs 
to Ceo- 

Since it follows from the definition of tt+{B) that 7r+(S) maps span {cj : i > 2} to 
(Ceo)"*" = spanjej : i > 1}, Xi2ei must belong to spanjeo, ei}. 

Inductively, we conclude that for all n, Xi2{en) b elongs to spanjeo, ei, e„}. 

Using the definition of TT±{B*)en along with ( 



Poci(l)ei, that is, Xi2ei 



4(1) 

Po4 — ei. 



5.4.6 



), we have c^(l)Xi2ei 



We argue in a similar way by induction that Xi2e„ = c'^Gn for some constants 
Now we apply ( 5.4.6 ) and ( 5.4.5| ) on the vectors and e„+i to get 



1 r 

c;c|(n+l) , _ c^cg(n+l) 

i ana c^_^'^ — i . 



cl{n+l) c|{n+l) 

Since c+(n + 1) 7^ c„(n + 1) for n > 0, we have = 0. 
Hence, = for all n implying X12 = 0. 
It follows similarly that X21 = 0. 



□ 



5.4.2 Computation of the quantum isometry group 

Let (Q, A, U) be an object in the category Q'(D), with a = aij and the corresponding 
Woronowicz C* subalgebra of Q generated by{<(^(X'l),a(a:)(r/(8)l)>Q, ^,r] £ 7i, x £ 
S^^^} is denoted by Q. Assume, without loss of generality, that the representation U is 
faithful. 

Since U commutes with D, it preserves the eigenvectors | " ) and | " ) • 



Lett/ = 0q+ 



U 



for some qn,Qn 2- 



Lemma 5.4.4. For all n > 0, a(^) j = q" j ® ii^+Z^^^Cl + 9n9n*) + 
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For alln > 0, q(^) 



nA+/i2"(l-g+g-*) + A-^^"(l + 



- A+/i2«(g-g+* - 1) + A_/i2"(g-<^+* + 1)]. 



For alln > 1, a{B) 











®|[(c+(n)2+c_(n)2)g+_^g+* + (c+(n)2 



C-(n)5)g^_^(;+* + (c+(n)^-c_(n)5)g+_^g-* + (c+(n)5+c_(n)^)g„_ig-*]+( ^ 1® 

\[{c+{n)'^+c.{ri)^)q+_^qt*-{c+{ri)'^-c.{n^^^ 
(c+(n)^ +c_(n)^)g-_ig-*]. 



For alln > 1, 







^'■q' j®i[(c+(n)^+c_(n)i)g+_ig+* + (c_(n)5 





c+(n)2)(7+_i(7~* + (c+(n)2-c_(n)2)g„_ig+*-(c+(n)2+c_(n)2)g^_^g-*]+l I® 

\ e„_i y 

i [(c+(n) 5 + c_ (n) ^ + (c_ (n) 5 - c+(n) 5 - (c+(n) 5 - 
(c+(n)^ +c_(n)^)g-_^g-*]. 



For a//n > 0, a{B*) 







[(c+(n + 1)2 +c_(n + l)5)((7++i(7+* + 







0i[(c+(n + l)2 + 



g„+ig^*) + (c+(n + l)2-c_(n+l)2)(g++i(7-*+(7„^ig+*)]+l .^^^ 

C_(n + l)5)(g+^^g+* + (c+(n + l)5 -c_(n + l)5)(g+^^g-* 



Proof : One has, |^ 

= c7(A0i)t/*(( "Ij^ ] 1) 



|C/(7r(A)®l)[/*(| 



1 + 



\U{i:{A)®l)[[ " + 



■K^{A)en 



1) 



By using ( 5.4.1| ) , we get this to be equal to 
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2 



gr)-A-M2"(9+*-9r)}] 

^lgrl{A+/i'"(cZ+*+5^*)+A-M'"(5r-9n*)}+( )^5kn{A+/^'"(9+* + 

= ( o" ) ® ^^^^-"'"^^ + + ^-'"'"^^ ~ + + ~ 

A_/x2"(g-g+* - 1)} + ° j ^ i{A+M'"(l + + A_/x2"(l - g+q-*) - A+/x2"(l + 

g-g+*) + A-//'"(9-?+*-l)}- 

Similarly, a(^) 

V en y 

= t^(7r(A)0l)c7*(f ° J ®1) 



l[/(7r(^)0l)t/*([ y \-i Wl) 



2 



— *i 



7r_(^)e„ y y -7r_(^)e„ 

y A_^^"e„ y \^ -A_/i^"e„ y 

\ Cn / \ -e„ / 



gr)-A-/i2"((z+*+9r)}] 







i[A+M'"(l - + A_m2"(1 + q^Qn*) + A+M'"(9n^rr* - 1) - 



\.^i^^{q-q+* + l)]+\^^ j0i[A+/x2n(l_^+g-*) + A_/x2-(l+^+^-)_A+/,2n(^-^+*_ 

l) + A_A*'«teg+* + l)]- 

As the proof of the others are exactly similar, we omit the proofs. 

Lemma 5.4.5. We have: 

qtln* = Qn^n* for ah n, (5.4.7) 
(c+(n)^ + c_(n)^)(g+_ig+* - q-_^q-*) + (c+(n)^ - c_(n)^)(g+_ig-* - = 



for all n > 1, 



(5.4.8) 
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(c+(n)2 + c_(n)5)((7+_i<7+* - q^_^q^*) + (c+(n)5 - c_(n)5)(g^_^g+* - q+_^q,^*) = 



for all n > 1, 



(5.4.9) 



(c+(n + 1)2 + c_(n + l)2)(g+_^i(7+* - q^^^q~*) = (c+(n + 1)^ - c_(n + 1) ^ )(g„^,g+*- 

g++i<?-*) for all n. (5.4.10) 
Proof : Since 0(^4) maps 7r(S'^ (,) into its double commutant, we conclude by using 
the description of vr(S'^ ^)" given in Lemma 



5.4.3 







that the coefficient of I 1 m 

V en / 



a{A) ( 1 ™ust be 0, which implies ( by Lemma 



5.4.4 



1]=0. 



^+[1 + QnQn* -{'^ + (lnQn*)]+ ^-[1 " Qn Qn* + Qn Qn 

Hence, 

(A+ - \^){q+q-* - q-q+*) = 0. Hen ce, {q+q -* - q-q+* ) = 0. 

Proceeding in a similar way, ( [5X8l ),( [5A9l ), ( |5.4.10| ) follow from the facts that 



coefficients of 



a{B) 



and ° 



and a{B*) 



( respectively ) are zero. 



□ 



Corollary 5.4.6. We have 



1 

a{A) = Y,APn® 2;^{A+(1 + qtqn*) + A_(l - g+g"*)} 



n=0 



1 



oo 

+ Y,^Qn® ^{A+(l - QnQn*) + A-(l + <7n 9n*)}- 
n=0 



oo 111 

«(^) = 5Z ® 4^4^!) + c_(n)5)(g+_^g+* + g-_ig-*) 



n=l 



-(c+(n)5 - c_(n)5)(g-_,g+* + <7+_i(?-*)] + ^5Qn 4^Ip[('^+(''^' + "-^"^^'^ 



n=l 
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Proof : We note that vr(yl) 







TT+iA) 

7r_(A) 







7r+(yl)e„ 




MA) 



Thus, 



/ e \ 

V y 







Similarly, 
Now, using ( 5.4.7| ), 





f ° 1 


n{A) 








A 





'J ^{A+/.2"(l + g+g-*) + A_/x2"(l - qUn*)} 



Similarly, 
a{A) I 





6n 







2A- 



-{A+(l-g+g-*) + A_(l + g+g-*)}. 



Thus, a(A) = X:r=0 ^ 2It{A+(1 + it In*) + A- (1 - g+g-*)} + + En=0 ® 

2ir{A+(l - qtQn*) + A-(l + g+g-*)}- 

By similar considerations from a{B) i " ) , o.{B) i ] , the result follows. □ 
Lemma 5.4.7. Let P„ = P„ + Qn- Then for each vector v in 7i, a{Pn)v = PnV 1- 



Proof : To start with, we recall that Pn and Qn belong to vr(S'^ ^) ( Lemma 



5.4.2 



Hence, P„ belongs to 7:{S 



fj,,c/ ■ 



a{Pn 



U{Pn ®l)U* 
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For k ^ n, 



Similarly, 



and for 



2^) 



(P„®1)(( ^" j 01). 



UiPk (8) 1)U* 



= 



-fir 



6fi 



A;7^n, a(Pfe) =O = (Pfe0l)( U 1). 



Combining all these, we get the required result. □ 

Proposition 5.4.8. As a C* -algebra, Q is generated by the unitaries {qn}n>o, o-nd 
the self-adjoint unitary yo = qQ*qQ- Moreover, Q is generated by unitaries Zn = 
9n-i9n*> n> 1 along with a self adjoint unitary w'. 
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Proof : Replacing n + 1 by n in ( 5.4.10 ) we have, 



(c+(n)2+c_(n)2)((?+g+:i-(/~g-:i)-(c+(n)2-c_(n)2)(g^(7+:i-g+g-:,) = for alln > 1. 

(5.4.11) 



Subtracting ( 5.4.11 ) from the equation obtained by applying * on ( 5.4.8 ), we have : 



2(c+( n) 2 — c_(n) ^ 1n-i ~ QtMn-i) ~ ^ for n > 1. Now, from the proof of Lemma 



5.4.2 



(c+(n)2 — c_(n)2) ^ for all n > 1. This implies : 
QnQn-i = itQn-i fo^ all n > 1. 



(5.4.12) 



Using ( 5.4.12 ) in ( 5.4.11 ), we have 



QuQu-i = Qn Qn-i for all n>l. 



(5.4.13) 



Let Vn = q„*qi- 

Then, using ( 5.4.7 ), we have qn*Qn — Qn*Qn- Hence, yn = Vn- Moreover, as r/n is a 
product of unitaries, it is a self adjoint unitary. 
Now, from ( 



5.4.12 



we have q,^ = q^Vn-i for all n > 1. Therefore, 



InVn-l 



for all n > 1. 



Next, from ( 5.4.13 ), we obtain qn*Qn — Qn-i1n-i for all n > 1 implying 



Vn = Un-i for ah n > 1. 



(5.4.14) 



(5.4.15) 



From ( 5.4.14 ) and ( [5.4.15 ) and the faithfulness of the representation U, we conclude 



that Q is generated by {qn}n>o and yo- 

Now we prove the second part of the proposition. 



Using Lemma 5.4.7 we note that for all v in 7i, a{APk)v = a{A)(PkVfSil) = AP^z; 
2^{A+(1 + qtq£) + A_(l - g+g, *)} + AQ,v ^ ^{X+{1 - qtq^*) + X-{1 + qUk*)}- 
Therefore, a{APk) = AP^ 2^^^+^^ + '^^Qk*) + A-(l - 9^9^ *)} + AQk 2^{A+(1 - 
Qtlll + X^l + qtqk*)}- 

Now, j4Pfc and AQ). being distinct elements, there exist linear functional (j) such that 

4>{APk) = 1, (l){AQk) = and vice versa. Hence, {cp id) a{APk) = A+(l +(j'm9m*) + 
-^-(1 - qmqm) belongs to Q. Similarly, A+(l - g+g"*) + A_(l + g+g„*) belongs to Q 
for all m. 

Subtracting, we get q^qm* belongs to Q. 

Using the expression of a{B) in a similar way, we have 

(c+(n)5 + c_(n)5)(g+__^g+* + q-_^q-*) + (c+(n)^ - c_(n)^)(g;^„^g+* + q+^^q-*) 
belongs to Q for all n > 1. 
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and (c+(n)5+c„(n)5)(g+_^g+*+g„_^g-*)-(c+(n)5-c_(n)5)(g+_^g-*+g^_^g+*^ 
belongs to Q for all n > 1. 

Adding and subtracting, we have 



Qn-lQn* + Qn-lQn* ^ Q all U > 1, 

Qn-iQn* + Qn-iQn* ^ Q for all n > 1. 



(5.4.16) 
(5.4.17) 



Recalling ( 5.4.15 ), we have g„ = qnUn-i = QnUo- Using this in ( 5.4.16 ), we obtain 



= In-lit* + at-iVoyUt 

+ +* I + +* 



Similarly, using q„ = q^VQ in ( 5.4.17 ), one has 



— i-* I ^ — * 

= qt-iVoQt* + Qt-iVolt* = 2g+„iyo9^*- 

Hence, we conclude that qt-iQ^* and qt-iVoQt* are in Q for all n > 1. 
Let 

+ +* 

— qn-lQn ' 



Wn = qn-ivoq, 



+* 



for all n > 1. 

Then, we observe that 



Moreover, 



qo% =Qo{Qoyo) =%yoqo =qoyoqi qi 



Thus for all n > 0, q^qn* belong to C*{{zn,Wn}n>i)- 

For ah n > 2, q^^^q^* = qt-iy*n~2{<lty*n-l)* = Qn-iylyOlt* = 9n-l^n* 



= QoyoiQi yo)* = qoyoyoQi* = QoQi* = ^i- 
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Finally, 



and 



Qn-lln* = Qn-lVoln* = '^n 



% it* = qovogt* = Wl. 



Now, from the expressions of a{A) and a{B), it is clear that Q is generated by 
Qtln*^ Q^-iln* + Qn-iQn* , Qn-ilt* + Qn-iln* ■ % the above made observations, these 
belong to C*({z„, Wn}n>i) which implies that Q is a C* subalgebra of C* {{z^, Wn} n>i) ■ 
Moreover, from the definitions of Zn, Wn it is clear that C* [{zn-,Wn} n>i) ^ ^* subal- 
gebra of Q. 

Therefore, Q = C*\{zn,Wn}n>i)- 

In fact, a simpler description is possible by noting that ZnWn+i = <in~i1n* Iny^ln+i ~ 

qti-lVOln+l = 1n-iyfi1n*1n1n+l = WnZn+l and SO, Wn+1 = Zn*WnZn+l which implies 

{wn}n>i is a subset of C*({z„}„>i, wi). 

Defining w' = w\zi, we note that zi = Qq yoq^* Qi UqQi* = wi{zlwi) which implies 
wlzi = z^wi. Thus, w' is self adjoint. It is a unitary as it is a product of unitaries. 

Thus Q^C*{{Zn}n>l, W'}. □ 

Lemma 5.4.9. A(g^) = Qn '^^ Qn: 
A(yi) = 2/10 yi- 

Proof : We use the fact that U is a unitary representation. 
(id0A)C/f ) =(id®A)(f ] ^qi) = {( ] ®A(g+). 

^(12)^(13)(f V^"®^"- 
\ J \ (in I 

Hence, A(g+) = g+ 
Similarly, A(g-) = q-(^q-. 

Moreover, A(?/i) = A(g-g+*) = (g" ® ® = O 9-9+* =yi®yi- 

□ 

Let us now consider the quantum group S = C*(Z2 * Z°°), where Z°° = Z * Z * • • • 



denotes the free product of countably infinitely many copies of Z. By the Remarks [1.1.7 
and 



1.1.4 



1.1.3 



S = C(Z2) * C{T) * C(T) * • • • , and let us denote by r+ the generator 
of n th copy of C(T) and by y the generator of C(Z2). 

The coproduct Aq on S is given by Ao(r'+) = r+ Cg) r+, Ao(2/) = y ®y. 
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Define 




V 



-e.n 



Lemma 5.4.10. V commutes with D and V is a unitary representation of S , that is 
(5, Ao,y) is an object in Q'{D). 

Proof : As the eigenspaces corresponding to distinct eigenvalues of D are spanned 

by I " ) and [ " ) , ^ commutes witli D. 
\ en \ -en 



The fact that y is a representation follows from the proof of Lemma 5.4.9 
To prove that V is a unitary, it is enough to check the following: 



V 



-n 



Y 



en \ -e 



em 

Cm 



.1, V 



V 



-err 



The proofs being similar, we prove only the first equation. 



V 



V 



6n 



r+, 



®r+*r+ 



which, \i n ^ m equals 
and if n = m, equals 1 = 



Cm 
Cm 



.1, 



Cm 
Cm 



.1. 



Setting r„ = r^y, we observe that r„ is a unitary and satisfies : 



Tn r^li = rtrnli for all n > 1. 



r„ r, 



n n—l n n—l 



for all n > 1. 



V 



Cm 
Cm 
Cm 



.1, 



□ 



(5.4.18) 



(5.4.19) 



Using r„ = ?'n^n*i'^n-i ( fro™ 5.4.18 ) in ( 5.4.19 ) we have r^_^ = 
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This implies 



for all n. 



(5.4.20) 



Moreover, taking * on ( 5.4.18 ) and ( 5.4.19 ) respectively, we get the following: 



for all n > 1. 



(5.4.21) 



5.4.7 



)-( 



5.4.10 



r„* = for all n > 1. 
in Lemma 



5.4.5 



(5.4.22) 

are satisfied with 's replaced 



Thus, the equations ( 

by r^'s and hence it is easy to see that there is a C*-homomorphism from 5 to Q 

and 



sending y, r+ to yo and g„ respectively, which is surjective by Proposition 
is a CQG morphism by Lemma 



5.4.9 



5.4.8 



In other words, (5, Aq, V) is indeed a universal 
object in Q'(Z)). It is clear that the maximal Woronowicz subalgebra of S for which 
the action is faithful, that is QISO^{D), is generated by r^.^^r^*, n> 1 and r^yrf , 
so again isomorphic with C*(Z2 * Z°°). 
This is summarized in the following: 

Theorem 5.4.11. The universal object in the category Q'(D), that is QISO^{D) exists 
and is isomorphic with C*(Z2*Z°°). Moreover, the quantum group QISO^{D) is again 
isomorphic with C*(Z2 * Z°°). 

Remark 5.4.12. This example shows that QISO^ in general may not be matrix quan- 
tum group, that is may not have a finite dimensional fundamental unitary, even if the 
underlying spectral triple is of compact type. This is somewhat against the intuition 
derived from the classical situation, since for a classical compact Riemannian manifold 
the group of isometrics is always a compact Lie group, hence has an embedding into the 
group of orthogonal matrices of some finite dimension. 



We end this chapter by noting that a gives an example where the quantum group 
of orientation preserving isometries does not have a C* action. Before that, we recall 
some useful properties of the so called Toeplitz algebra from [26] . 

Proposition 5.4.13. Let ti be the unilateral shift operator on P{]N) defined by Ti(e„) = 
e^-i, n>l, T(eo) = 0. Then the Toeplitz algebra C*(ri). is the C* algebra generated 
by Ti, on P(1N). It contains all compact operators and moreover, the commutator of any 
two elements ofC*{Ti) is compact. 

Let T be the operator on TL defined by r = ti id. 

Lemma 5.4.14. B = t\B\ . 
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Proof : We note that 



\B\d 'I \) = {A-A^ + cI)h{ ) 



and hence r\B\{l^'-j)= c^{n)H '""^ j ) = ^( ( j )' 

Similarly, r|B|(( ^ )) = i3([ ^ ]). This completes the proof of the Lemma. 



□ 



Lemma 5.4.15. 

a{r) = ^ T{Pn + g„) ® r+_ir+*, 



n>l 



where r„ are i/ie elements of QISO~^{D) introduced before. 
Proof : For all n > 1, we have 



2 



= ^t/(r ® id)[ j (r+* + r-*) + ( ) ® (^n* - ^n*)] 
4 \ en_i y \^ -e„_i J 



Similarly, Q;(r) (^| = ( ^ \ ® ^n-i^n* ^r all n > 1. 
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Moreover, Q(r) [ ) = ct^r) ( ) = 0- 

Thus, a(r) = E„>i rPn ® r+_ir+* + E.>i rQn » r+_ir+* = E„>i ^(Pn + Qn) ® 

Theorem 5.4.16. The *-homomorphism a is not a C* action. 

Proof : We begin with the observation that each of the C* algebras tt±{S'^^i,) is 
nothing but the Toeplitz algebra. For example, consider C := 7r+(S'^^). Clearly, T = 
7r+(i?) in an invertible operator with the polar decomposition given by, T = ti\T\, hence 
Ti belongs to C. Thus, C contains the Toeplitz algebra C*(ri), which by Proposition 



5.4.13 contains all compact operators. In particular, C*{ti) must contain '/r+(^) as well 
as all the eigenprojections Pn of |7r4.(i3)| so it must contain the whole of C. Similar 
arguments will work for 7r_(S'^ ,,). 

Thus, r = Ti © Ti = 'k{B)\tt{B)\~^ belongs to vr(S'^ If a is a C* action, then for 
an arbitrary state (p on QISO^{D) we must have a^{T) = (id ® cf)) o a(r) is in 7r(5^^c), 
hence cy.s{T)Pj^ must belong to C = 7r+(S'^^), where P+ denotes the projection onto 



Tij^. By Proposition 5.4.13, this implies that [a0(r)P+, ti] must be a compact operator. 
We claim that for suitably chosen (p, this compactness condition is violated, which will 
complete the proof of the theorem. 

To this end, fix an irrational number 9 and consider the sequence \n = e^'^'"^ of 
complex number of unit modulus. We note that the linear functionals which send the 
generator of C{Z2){ which is y ) to 1 and the generator of the n-th copy of C(T) ( which 
is f'^_if'n* by Proposition 5.4.8 ) to A„ are evaluation maps and hence homomorphisms. 
Using Remark 1.1.6 we have a unital *-homomorphism cj) : QISO~^{D) = C{Z2) * 
C(T)*°° C which extends the above mentioned homomorphisms. Hence, a(/,(T) = 

^riT^Pn + Qn)- Moreover, we see that 



[a<^(T)P+,ri] 



6?! 





(id ®<A)a(r) '"p"' -r(id®,^)[ """^ 



(A„-i - A„) """^ ' , n>2. 



Similarly, [a^(T)P+,ri] [ | = (A„_i— A„) ( ) . Hence, the above commutator 

\ (^n J \ e„_2 J 

cannot be compact since An — An-i does not go to as n ^ oo. □ 
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Corollary 5.4.17. The subcategory ofQ'{D) consisting of objects {Q.,U) where ajj is 
a C* action does not have a universal object. 



Proof: By Theorem 5.4.16 the proof will be complete if we can show that if a 
universal object exists for the subcategory (say Q'^) mentioned above, then it must 
be isomorphic with QISO~^{D). For this, consider the quantum subgroups Qjy, N = 
1, 2, of qIs6+{D) generated by r+, n = 1, N and y. Let ttn ■ Qis6+{D) Qn 
be the CQG morphism given by iT]\fiy) = y, T^Ni^^i) = r+ for n < and 7rAr(r+) = 1 
for n > N. 

We claim that {Qn, Un '■= (id ttn) ° V) is an object in Q'^ ( where V denotes the 
unitary representation of QISO^{D) on 7i ). To see this, we first note that for all N, 
(id 7TN)a{A) = Zn=o ^Pn ® ^{Ki^^ + rtvrt*) + A-(l - r+yr+*)} + ^lo ^Qn ® 
^{\^{l-rtyrt*)+X-{l+rtyrt*)] + T.n=N+i^Pn®^{^+{^ + y)+>^-{^-^^^ 

EZn+i AQn ® 2xr{A+(l - y) + A_(l + y)}. 

Among the four summands, the first two clearly belong to ^0 Qn- Moreover, the 
sum of the third and the fourth summand equals ^(1 — J2n=i P^) ® ok^i^+i^ + y) + 
A_(l - y)} + A{1 - J2n=i Qn) ® 2ir{A+(l - y) + A_(l + y)} which is an element of 
A(»Qn- 

We proceed similarly in the case of -B, to note that it is enough to show that for all 



1 , , 1 no , , , 1 , 1 , 



2c4_ n ^-^ 2c_i_ n 

n=N+2 ' n=N+2 +^ ' 



1 , , 1 nr, , , , 1 , , 1 . 



^-^ 2c_(n) ^-^ 2c-_(n) 

n=N+2 ^ ' n=N+2 ^ ' 

belongs to A ® Qn- The norm of the second and the fourth term can be eas- 
ily seen to be finite. The first term equals \B{\ - En=/ -Pn)[(^ - + c/)~^ + 

{A- A? ^ ciy^{^A - (^A)^ + c/}'] 1 and therefore belongs to A® Qn- The 
third term can be treated similarly. 

Thus, there is surjective CQG morphism '\\)n from the universal object, say of 
Q'l to Qn- Clearly, (QAr)Ar>i form an inductive system of objects in Q'(Z)), with the 
inductive limit being QISO+{D), and the morphisms tpN induce a surjective CQG 
morphism (say ^p) from Q to QISO~^{D). But G is an object in Q'(D), so must be a 
quantum subgroup of the universal object in this category, that is, QISO~^{D). This 
gives the CQG morphism from QISO^{D) onto Q, which is obviously the inverse of V') 
and hence we get the desired isomorphism between Q and QISO^{D). □ 
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